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ABSTRACT 
Evidence f o r  nonducted V U  propagat ion  between conjugate hemispheres 
has been found i n  r eco rds  from t h e  broadband VLF r e c e i v e r s  aboard t h e  
po la r  sa te l l i tes  OGO 2 (419-1521 km) and OGO 4 (412-908 km). The non- 
ducted s i g n a l s  descr ibed  h e r e  a r e  rece ived  i n  t h e  ionosphere between 
47O and 56O i n v a r i a n t  l a t i t u d e .  They have never been observed on t h e  
ground and inc lude  n a t u r a l  w h i s t l e r s  and fixed-frequency s i g n a l s  (10.2- 
12.5 kHz) from t h e  U .  S .  Navy Omega t ransmit ters .  In a frequency-time 
spectrogram, t h e s e  nonducted w h i s t l e r s  appear a s  r i s i n g  tones  wi th  a 
lower cu to f f  frequency i n  t h e  approximate range of 5 to 8 kHz. They 
have been named "walking trace" (WT) w h i s t l e r s ,  s i n c e  a r ap id  inc rease  
i n  t r a v e l  t i m e  a s  a f u n c t i o n  of s a t e l l i t e  l a t i t u d e  causes success ive  
examples of t h e  r i s i n g  t r a c e  t o  "walk through" o t h e r  w h i s t l e r s  having 
equa l  d i s p e r s i o n s  and produced by t h e  same sequence of l i g h t n i n g  sources .  
A t r a i n  of WT w h i s t l e r s  e x h i b i t s  a n e a r l y  cons t an t  lower c u t o f f  frequency 
which i s  equal  t o  t h e  maximum v a l u e  of t h e  lower hybrid resonance (LHR) 
frequency above t h e  s a t e l l i t e ,  and an  upper cu to f f  frequency t h a t  
dec reases  w i t h  inc reas ing  s a t e l l i t e  l a t i t u d e .  Reflected waves following 
a WT w h i s t l e r  can a l s o  be rece ived  i f  t h e  LHR frequency below t h e  
s a t e l l i t e  reaches  va lues  g r e a t e r  than  those  above i t .  Observed s p e c t r a l  
shapes of such w h i s t l e r s  resemble a f i s h  hook. Fixed-frequency Omega 
s i g n a l s  observed by OGO 4 i n  t h e  hemisphere conjugate  t o  t h e  t r a n s m i t t e r  
f r e q u e n t l y  have c h a r a c t e r i s t i c s  s i m i l a r  t o  those  of t h e  WT w h i s t l e r s .  
The Omega s i g n a l s  e x h i b i t  t w o  f e a t u r e s  t h a t  a r e  no t  apparent i n  t h e  
n a t u r a l  w h i s t l e r s :  an enhancement of s i g n a l  s t r e n g t h  and a Doppler 
s h i f t  t h a t  increases wi th  l a t i t u d e  and may r each  hundreds of Hertz.  
The main c h a r a c t e r i s t i c s  of t he  above phenomena a r e  explained by t r a c i n g  
nonducted r ays  between conjugate  hemispheres i n  a model magnetosphere. 
An e q u a t o r i a l  e l e c t r o n  d e n s i t y  p r o f i l e  i s  der ived  from t h e  WT w h i s t l e r s .  
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I .  INTRODUCTION 
A .  BACKGROUND OF THE PROBLEM 
A l i g h t n i n g  f l a s h  produces very low frequency (VLF) waves t h a t  may 
propagate  through the magnetosphere. When received on the  ground or by 
a s p a c e c r a f t  i n  t h e  magnetosphere, t hese  waves show a d i s p e r s i v e  charac- 
t e r i s t i c ,  r e s u l t i n g  i n  a sound l i k e  a wh i s t l e  heard when t h e  s i g n a l s  a r e  
reproduced by means of an audio a m p l i f i e r .  For t h i s  reason they have been 
c a l l e d  l lwh i s t l e r s l l  ( s e e  He l l iwe l l  C19651 f o r  more d e t a i l s ) .  In order  t o  
exp la in  t h e  p r o p e r t i e s  of w h i s t l e r s  observed on t h e  ground, S m i t h  C19601 
developed a theory  of t rapping  of w h i s t l e r  energy along a tube of f o r c e  
by an enhancement of i o n i z a t i o n .  These duc ted  w h i s t l e r s  have been used 
t o  s tudy p r o p e r t i e s  of t h e  e l e c t r o n  d i s t r i b u t i o n  i n  the  magnetosphere 
( s e e  He l l iwe l l  C19651). 
VLF r e c e i v e r s  on s a t e l l i t e s  have revealed a complete new c l a s s  of 
w h i s t l e r  phenomena. A c ros s  s e c t i o n  of t h e  magnetosphere conta in ing  a 
geomagnetic meridian is  shown i n  Figure 1. The pos i t i ons  of four  r e c e i v e r s ,  
one on the  ground and t h r e e  i n  t h e  magnetosphere, a r e  ind ica ted  by t h e  
symbols R1, R2, R3 and R4. Waves produced by a l i g h t n i n g  f l a s h  can 
only Eeach Rz,  R3 and R4 through the  magnetosphere. The  r ece ive r  on 
t h e  ground, R1, may r e c e i v e  s i g n a l s  propagat ing through the magnetosphere 
and a l s o  through the ear th- ionosphere wave guide .  
A l i g h t n i n g  f l a s h  may produce a frequency versus  time record s u c h  a s  
t h e  one sketched i n  Figure Za, when received by 
by an 0 i s  t h e  one reaching R1 through t h e  ear th- ionosphere wave guide .  
T h i s  component shows almost no d i s p e r s i o n .  However, t h e  component prop- 
g a t i n g  through t h e  magnetosphere, ind ica ted  by 1, p resen t s  t i m e  de lays  
R1. 
The w h i s t l e r  ind ica ted  
- 1 -  
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Figure 1. Cross s e c t i o n  conta in ing  a geomagnetic meridian 
plane,  a V U  t r a n s m i t t e r  (T) and a l i g h t n i n g  
f l a s h  (5) a r e  shown. A ground VLF r e c e i v e r  i s  
ind ica t ed  by R1. Two r e c e i v e r s ,  R2 and R4, 
a r e  located i n  p o l a r ,  low a l t i t u d e  s a t e l l i t e s .  
A r e c e i v e r  i n  a high a l t i t u d e  s a t e l l i t e  is 
represented  by R3. For r e fe rence  the  t h i n  l i n e  
shows the  l i n e  of f o r c e  a t  L = 2.5. 
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Figure  2 .  Frequency versus  t i m e  spectrograms: ( a )  and 
( b )  a r e  ske tches  of spectrograms rece ived  by 
ground s t a t i o n s ;  
gram of a proton  w h i s t l e r  rece ived  by 
(d)  
( c )  i s  a t y p i c a l  spec t ro-  
shows one type  of w h i s t l e r  rece ived  by 
R2; 
R3 * 
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Figure  2 .  Frequency versus  t i m e  spectrograms: (e) 
shows one type of w h i s t l e r  rece ived  by 
R ; (f), (9) and (h)  show types  of 
wgistlers recorded by R4. 
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t h a t  a r e  a f u n c t i o n  of frequency. Sometimes t r a i n s  of w h i s t l e r s  a r e  
s een ,  w i t h  components p re sen t ing  'nose '  c h a r a c t e r i s t i c s  ( see  Hel l iwel l  
t 
C19651). This c a s e  i s  i l l u s t r a t e d  i n  F igure  2b. 
Whis t l e r s  rece ived  by R2 may produce a spectrogram a s  shown i n  
F igu re  2c .  The component i nd ica t ed  by O+ reaches  t h e  s a t e l l i t e  through 
propagat ion  i n  t h e  so-ca l led  e l e c t r o n  w h i s t l e r  mode and t h e  o t h e r  i n  t h e  
pro ton  w h i s t l e r  mode [Gurnett e t  a l . ,  19651. The proton w h i s t l e r s  show 
an asymptotic behavior a t  t h e  pro ton  gyrofrequency a t  t h e  s a t e l l i t e .  They 
a r e  n o t  observed on ground records  and t o  understand t h e i r  behavior i t  is 
necessary  t o  cons ide r  t h e  movement of pro tons  i n  t h e  d e r i v a t i o n  of t h e  
phase r e f r a c t i v e  index .  
Another kind of w h i s t l e r  t h a t  i s  observed by a receiver a t  
named magnetospher ica l ly  r e f l e c t e d  (MR) w h i s t l e r  [Smith and Angerami, 
R3 and 
19681 is i l l u s t r a t e d  i n  F igure  2d. The waves t h a t  produce t h e s e  w h i s t l e r s  
a r e  r e f l e c t e d  i n  t h e  magnetosphere and move back and f o r t h  ac ross  t h e  
R3 , magnetic equator .  Another kind of w h i s t l e r  t h a t  may be observed by 
is shown i n  F igure  28. This i s  t h e  Nu w h i s t l e r ,  which is  a l s o  a conse- 
quence of r e f l e c t i o n  i n  t h e  magnetosphere [Smith and Angerami, 19681. 
A s  i n  t h e  c a s e  of pro ton  w h i s t l e r s ,  t h e s e  w h i s t l e r s  a r e  no t  observed on 
ground ' r eco rds .  
Seve ra l  d i f f e r e n t  kinds of w h i s t l e r s  may be received a t  R4. One of 
t h e s e  i s  t h e  ion-cutoff w h i s t l e r ,  sketched i n  F igure  2f [Muzzio, 19681. 
The double  valued t r a c e  presented by t h e s e  w h i s t l e r s  resul ts  from r e f l e c -  
t i o n  of downcoming waves i n  t h e  ionosphere.  Another w h i s t l e r  t h a t  may be 
rece ived  by R4 is  t h e  one ind ica t ed  by 1- i n  the  ske tch  of F igure  2g. 
This w h i s t l e r  propagates i n  a nonducted mode and is t h e  r e s u l t  of t h e  
presence of l a r g e  h o r i z o n t a l  g r a d i e n t s  i n  t h e  ionosphere [Scarabucci e t  a l . ,  
19691. - 5  - 
Another w h i s t l e r  t h a t  may be observed i s  ind ica t ed  by t h e  l e t te rs  
WT i n  F igure  2g. I t  has  t h e  c h a r a c t e r i s t i c  of a r i s i n g  tone ,  and a l s o  
has n o t  been observed on ground r eco rds .  Generally i n  a spectrogram a 
sequence of t h e s e  w h i s t l e r s  i s  observed d i sp lay ing  a cons t an t  lower 
cu to f f  and an upper-cutoff frequency t h a t  decreases  wi th  t h e  l a t i t u d e  of 
t h e  r e c e i v e r .  The inc rease  of t r a v e l  t i m e  f o r  a g iven  frequency when t h e  
r e c e i v e r  i s  moving toward h igher  l a t i t u d e s  makes them appear t o  walk 
through t h e  1 - component, and f o r  t h i s  reason have been named "walking 
t r a c e "  (WT) w h i s t l e r s .  
t h i s  r e p o r t .  The understanding of t h e s e  w h i s t l e r s  l ed  t o  an explana t ion  
of c e r t a i n  o t h e r  VLF phenomena. For example, i n  s p e c i a l  circumstances 
WT w h i s t l e r s  a r e  followed immediately by a t r a c e  t h a t  has been in te r -  
p re t ed  a s  caused by r e f r a c t i o n  i n  t h e  ionosphere.  These w h i s t l e r s  have 
t h e  appearance of a f i s h  hook and a r e  i l l u s t r a t e d  i n  F igure  2h. 
These a r e  t h e  w h i s t l e r s  t h a t  w i l l  be explained i n  
The U .  S.  Navy has t r a n s m i t t e r s  a t  f i x e d  f requencies  i n  t h e  range of 
WT w h i s t l e r s ,  and i t  is expected t h a t  t h e  a s soc ia t ed  s i g n a l s  may propa- 
g a t e  i n  t h e  same mode a s  t h e  WT w h i s t l e r s .  Fixed-frequency s i g n a l s  
rece ived  by a s a t e l l i t e  i n  t h e  hemisphere conjugate  t o  t h e  t r a n s m i t t e r  
n o t  on ly  e x h i b i t  t h e  main c h a r a c t e r i s t i c s  of WT w h i s t l e r s ,  but a l s o  
show two new e f f e c t s  n o t  observable  i n  t h e  WT w h i s t l e r s ,  a focus ing  
e f f e c t  and l a r g e  Doppler s h i f t s  i n  frequency. 
B. OBJECTIVE OF THIS WORK 
One of t h e  purposes of t h e  p re sen t  work is  t o  desc r ibe  and i n t e r p r e t  
0 
WT w h i s t l e r  phenomena i d e n t i f i e d  i n  m i d l a t i t u d e  ( - 50 spec t rographic  
r eco rds  from the VLF experiment aboard t h e  low-a l t i tude  p o l a r  s a t e l l i t e s  
OGO 2 (419-1521 km) and OGO 4 (412-908 km). 
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The WT w h i s t l e r s  and t h e i r  coun te rpa r t s  i n  manmade VLF s i g n a l s  
p re sen t  a remarkable v a r i e t y  of e f f e c t s ,  inc luding  l imi ted  l a t i t u d e  range 
of observa t ion ,  r ap id  v a r i a t i o n  i n  t r a v e l  t i m e  wi th  p o s i t i o n ,  upper and 
lower i n t e n s i t y  c u t o f f s ,  focus ing ,  and Doppler s h i f t s .  Ray t r a c i n g  
a n a l y s i s  has been success fu l  i n  p r e d i c t i n g  nea r ly  a l l  of t h e  observed 
e f f e c t s  . 
Another purpose of t h i s  work is t o  d e s c r i b e  t h e  ray  equat ions i n  a 
more simple way than t h e  ones found i n  t h e  l i t e r a t u r e .  A d e s c r i p t i o n  
of a d i g i t a l  ray- t rac ing  program is a l s o  given.  
C .  RAY-TRACING TECHNIQUE 
Ray-tracing has been used  success fu l ly  t o  exp la in  new w h i s t l e r  
phenomenon observed on records  from s a t e l l i t e s .  H i s t o r i c a l l y  t h e  f i rs t  
w h i s t l e r  ray  pa ths  i n  a smooth magnetosphere w e r e  g raph ica l ly  ca l cu la t ed  
by Maeda and Kimura C19561. This s tudy  was made t o  exp la in  ground observed 
w h i s t l e r s .  For t h e  r e f r a c t i v e  index they used t h e  quas i - longi tudina l  (Q.L.) 
approximation ( see  f o r  i n s t ance  S t i x  C19621 or H e l l i w e l l  C19651) and they 
considered a magnetosphere c o n s t i t u t e d  of e l e c t r o n s  only.  Haselgrove 
C19541 der ived a s e t  of f i r s t  o r d e r  d i f f e r e n t i a l  equat ions based on Fermat's 
p r i n c i p l e  s u i t a b l e  t o  be solved wi th  t h e  aid of a d i g i t a l  computer. 
Haselgrove C19571 presented c a l c u l a t i o n s  of r ay  paths  using he r  t w o -  
d imensional  Ca r t e s i an  r ay  t r a c i n g  equat ions .  In these  c a l c u l a t i o n s  t h r e e  
assumptions were made. 
w h i s t l e r  r e f r a c t i v e  index was used, t h e  movement of p o s i t i v e  ions  was 
neglec ted ,  and a h o r i z o n t a l l y  s t r a t i f i e d  magnetosphere was assumed. 
Whis t le r  ray  pa th  c a l c u l a t i o n s  which used t h e  exac t  expression 
The quas i - long i tud ina l  approximation for the  
for the  r e f r a c t i v e  index and a d i g i t a l  computer were published 
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by Yabroff C19611. 
only was aga in  assumed i n  t h i s  work. 
duc t ing  of w h i s t l e r s  by columns of enhanced i o n i z a t i o n  along t h e  f i e l d  
l i n e .  
The hypothes is  of a magnetosphere composed of e l e c t r o n s  
Yabroff a l s o  s tud ied  t h e  problem of 
Hines C19571 has shown t h a t  f o r  VLF i t  is  p o s s i b l e  t o  have t r a n s v e r s e  
propagat ion  and t o  have r ays  r e f r a c t e d  back toward t h e  e a r t h  a t  low l a t i -  
tudes  when the  movement of p o s i t i v e  ions  i s  allowed f o r .  Hines, Hoffman 
and W e i l  E19591 d i d  r a y  t r a c i n g  inc lud ing  pro tons  f o r  t h e  s p e c i a l  case of 
t r a n s p o l a r  propagat ion .  Kimura C19661 published t h e  f i r s t  ray-tracing 
r e s u l t s  t h a t  included e f f e c t s  of t h r e e  major ions  i n  t h e  magnetosphere 
H', He+,  and O+. Shawhan [1966] wrote a two-dimensional ray-tracing 
program of which t h e  main purpose was t o  e x p l a i n  some w h i s t l e r  phenomena 
observed i n  In jun  s a t e l l i t e s .  Smith and Angerami C19681 showed q u a l i -  
t a t i v e l y  t h a t  some of t h e  r a y  pa ths  c a l c u l a t e d  by Kimura could be used t o  
e x p l a i n  anomalous nose w h i s t l e r s  observed near t h e  e q u a t o r i a l  r eg ion  a t  
h igh  a l t i t u d e  i n  t h e  d a t a  from OGO-1. These w h i s t l e r s  a r e  c a l l e d  
'magnetospherically r e f l e c t e d '  (MR) w h i s t l e r s .  
D. PLAN OF THIS RESEARCH 
The walking t r a c e  w h i s t l e r  is descr ibed  and explained i n  Chapter 2 .  
Doppler s h i f t s  and focus ing  e f f e c t s  i n  fixed-frequency s i g n a l s  a r e  
analyzed and expla ined  i n  Chapter 3. Development of t h e  r ay  equat ions  
for a two dimensional geometry i s  g iven  i n  Chapter 4.  Also i n  t h i s  
chap te r  a d i g i t a l  r ay - t r ac ing  program is  desc r ibed ,  and phys ica l  i n t e r p r e -  
t a t i o n s  of t y p i c a l  r a y  pa ths  a r e  g iven .  The summary and conclus ions  of 
t h e  r e s u l t s  of t h i s  work a r e  presented  i n  Chapter 5. 
The l i s t i n g  of t h e  ray- t rac ing  program c o n s t i t u t e s  Appendix A .  An 
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example of input  ca rds  f o r  t h i s  program i s  given i n  Appendix B, wi th  a 
l i s t i n g  of a t y p i c a l  ou tput  shown i n  Appendix C .  
equa t ions  der ived i n  Chapter 4 a r e  shown t o  be equiva len t  t o  t h e  Hasel- 
grove C19541 equat ions .  The d i f f e r e n t i a l  equat ion governing t h e  v a r i a t i o n  
In Appendix D t he  
w i t h  t h e  phase t i m e  of t he  angle  between t h e  wave normal and the  geo- 
magnetic f i e l d  i s  der ived i n  Appendix E.  F i n a l l y ,  i n  Appendix F, t h e  
d i f f e r e n t i a l  S n e l l ' s  l a w  i s  der ived .  
E. CONTRIBUTIONS 
New w h i s t l e r  phenomena, t he  walking t r a c e  w h i s t l e r  and focusing 
e f f e c t s  and Doppler s h i f t s  i n  manmade s i g n a l s  a r e  descr ibed and explained 
using a ray- t rac ing  technique.  The two-dimensional ray  equat ion is 
obtained i n  a s imple way. I t  i s  shown t h a t  t h e  d i f f e r e n t i a l  S n e l l ' s  law 
appl ied  by Haselgrove C19541 is  only v a l i d  f o r  a medium with p a r a l l e l  
s t r a t i f i c a t i o n .  A new way t o  w r i t e  a two-dimensional ray- t rac ing  program 
i s  presented based on t h r e e  n o t  f o u r  d i f f e r e n t i a l  equat ions .  
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11. THE WALKING TRACE WHISTLER 
A .  INTRODUCTION 
S a t e l l i t e  s t u d i e s  have revealed a remarkable v a r i e t y  of "nonducted" 
w h i s t l e r  phenomena, t h a t  is, w h i s t l e r s  whose paths  a r e  not  confined t o  
f i e ld -a l igned  i r r e g u l a r i t i e s  i n  the magnetosphere. P a r t i c u l a r  types of 
nonducted w h i s t l e r s  a r e  o f t e n  observed i n  r e l a t i v e l y  l imi ted  regions of 
space and may e x h i b i t  unusual d i spe r s ion  p r o p e r t i e s  t h a t  vary r ap id ly  
w i t h  observing p o s i t i o n .  Such e f f e c t s  i n v i t e  a t tempts  a t  ana lys i s  by 
ray  t r a c i n g .  For example t h e  magnetospherical ly  r e f l e c t e d  (MR) w h i s t l e r  
has been explained q u a l i t a t i v e l y  by Smith and Angerami C19681, based on 
K i m u r a ' s  ray  t r a c i n g  r e s u l t s  C19661. 
The purpose of t h i s  r e p o r t  i s  t o  desc r ibe  and i n t e r p r e t  a new 
w h i s t l e r  phenomenon i d e n t i f i e d  i n  mid- la t i tude  ( - 50 spec t rographic  
records  from t h e  VLF experiment aboard the  low-a l t i tude  polar  s a t e l l i t e s  
OGO 2 (419-1521 k m )  and OGO 4 (412-908 k m ) .  These w h i s t l e r s ,  f i r s t  
c a l l e d  t o  our a t t e n t i o n  by John Katsuf rak is  of our l abora to ry ,  have been 
named "walking-trace" (WT) whist lers ,  f o r  reasons explained below. In 
c o n t r a s t  t o  t h e  MR w h i s t l e r ,  whose pa th  reaches the e q u a t o r i a l  region ard 
then o s c i l l a t e s  back and f o r t h  across  t h e  equator ,  t he  WT w h i s t l e r  c rosses  
t h e  equator  and then cont inues  downward i n t o  t h e  conjugate  ionosphere.  
The WT whist ler  and i t s  coun te rpa r t  i n  manmade VLF s i g n a l s  p re sen t s  a 
remarkable v a r i e t y  of e f f e c t s ,  inc luding  l i m i t e d  l a t i t u d e  range of 
observa t ion ,  r ap id  v a r i a t i o n  i n  t r a v e l  t i m e  wi th  p o s i t i o n ,  upper and 
lower i n t e n s i t y  c u t o f f s ,  focus ing ,  and Doppler s h i f t s .  Ray-tracing 
a n a l y s i s ,  appl ied f o r  t h e  f i r s t  t i m e  t o  a complex nonducted w h i s t l e r  
propagat ing between conjugate  ionospheres ,  has been success fu l  i n  p red ic t ing  
0 
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nea r ly  a l l  of t h e  observed e f f e c t s .  (Several  of t he  e f f e c t s  were only 
recognized a s  p a r t  of t he  WT phenomenon a f t e r  r ay  t r ac ings  were made.) 
The  next  s e c t i o n  con ta ins  a br ie f  d e s c r i p t i o n  of t he  observa t ions .  
Following t h i s  is  a d e s c r i p t i o n  of t he  ray-t racing ana lys i s  and a d i s -  
cuss ion  of the  phys ica l  f a c t o r s  in f luenc ing  t h e  var ious WT w h i s t l e r  
p r o p e r t i e s .  La ter  s e c t i o n s  a r e  devoted t o  d e t a i l s  of t h e  observa t ions .  
B e  DESCRIPTION OF THE WT WHISTLER 
On frequency-time records  from s a t e l l i t e s ,  WT w h i s t l e r s  appear as  
r i s i n g  tones whose t r a v e l  t i m e  increases  r a p i d l y  wi th  inc reas ing  s a t e l l i t e  
l a t i t u d e .  The main f e a t u r e s  of t he  WT w h i s t l e r  a r e  i l l u s t r a t e d  on an 
OGO-4 record i n  F igure  3 a .  Frequency i n  kHz is  displayed versus  UT and 
i n v a r i a n t  l a t i t u d e  on a northbound pass over Rosman, North Caro l ina .  
Heavy arrows i d e n t i f y  fou r  WT w h i s t l e r s .  Typical  f e a t u r e s  a r e  t h e  r e l a -  
t i v e l y  cons tan t  lower cu to f f  frequency and an upper cu tof f  frequency t h a t  
decreases  wi th  inc reas ing  s a t e l l i t e  l a t i t u d e .  The second event is shown 
w i t h  an expanded time s c a l e  i n  Figure 4. 
For each of t h e  WT w h i s t l e r s  i d e n t i f i e d  by a heavy arrow i n  Figure 
3a ,  a v e r t i c a l  arrow i n  the  lower margin i d e n t i f i e s  a corresponding near ly  
impulsive w h i s t l e r .  I t  propagates  on the s h o r t ,  so-cal led ' f r a c t i o n a l  
hop' or 
h o r i z o n t a l  bar and a s t e r i s k  i n  t h e  upper margin i d e n t i f y  s t i l l  a t h i r d  
w h i s t l e r  component produced by t h e  same l i g h t n i n g  source .  This w h i s t l e r  
propagates  on a long,  so-cal led one-hop or 1 - path  between conjugate  
hemispheres. Although nonducted, i t s  pa th  i s  topo log ica l ly  d i f f e r e n t  from 
t h a t  of t h e  WT w h i s t l e r  because t h e  wave normals a r e  s m a l l ,  a s  a r e s u l t  
of h o r i z o n t a l  g r a d i e n t s  i n  the ionosphere [Scarabucci e t  a l . ,  19691. 
pa th  up through the  nearby ionosphere t o  t h e  s a t e l l i t e .  A O+ 
Within a measurement unce r t a in ty  of less than 20 msec, t he  d i spe r s ion  of 
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* 
t he  1- w h i s t l e r s  does not change throughout t he  record ,  whereas the  
t r a v e l  time of t h e  WT events  i nc reases  s i g n i f i c a n t l y  during t h e  same 
i n t e r v a l  of t i m e  ( % 30 s e c ) .  This  i s  evidenced by the  f a c t  t h a t  t he  WT 
and the  1 w h i s t l e r  c ros s  a t  a po in t  t h a t  moves t o  lower f requencies  - 
with  inc reas ing  l a t i t u d e .  Hence it appears t h a t  t h e  WT "walks through" 
t h e  1 w h i s t l e r ,  g iv ing  rise t o  t h e  name "wa1king-tracett (WT) w h i s t l e r .  - 
The mode of propagat ion of t he  waves producing t h e  WT w h i s t l e r s  
w i l l  be r e f e r r e d  t o  a s  t he  "Pro-Resonance" (PR) mode. An explana t ion  a s  
t o  t h e  choice of the  name PR mode w i l l  be given i n  Chapter 4 ,  Sec t ion  E .  
When ray  t r a c i n g s  were developed t o  analyze w h i s t l e r s  of t he  type 
shown i n  Figures  3 and 4 ,  the  a n a l y s i s  i nd ica t ed  t h a t  f ixed-frequency 
s i g n a l s  propagat ing i n  t h e  PR mode should e x h i b i t  both focusing and Doppler 
s h i f t  e f f e c t s .  Such e f f e c t s  were found i n  t h e  d a t a ,  and now may be under- 
s tood a s  a n a t u r a l  p a r t  of t h e  WT phenomenon. 
Examples of focusing and Doppler s h i f t s  appear i n  r ecep t ions  by 
OGO 4 of fixed-frequency s i g n a l s  from t h e  U.S. Navy mega  naviga t ion  
s t a t i o n s .  These s i g n a l s  may e x h i b i t  anomalously l a rge  i n t e n s i t i e s  and 
a l s o  Doppler s h i f t s  t h a t  reach  hundreds of Hertz .  A typ i c a l  example i s  
i l l u s t r a t e d  i n  t h e  frequency-time spectrogram of Figure 5, recorded by 
OGO 4 nea r .  Johannesburg, South Af r i ca .  
by t h e  Omega s t a t i o n  a t  A l d r a ,  Norway ( 6 6 O 2 5 ' N ,  13°09'E) i s  represented  
A pu lse  a t  11-1/3 kHz t ransmi t ted  
i n  the  upper margin of t he  record by a l i n e  with du ra t ion  1.1 s e c  s t a r t i n g  
a t  t = 0 .  This pu l se  i s  received twice by t h e  s a t e l l i t e .  The f i r s t  
s i g n a l  begins a t  11-1/3 kHz i n  the  c e n t e r  of t h e  record ,  near  t = 0.6 s e c .  
(This s i g n a l  and t h e  1 - w h i s t l e r s  of Figure 3a a r e  believed t o  fol low 
analogous pa ths ,  d i f f e r i n g  topo log ica l ly  from those  of t he  PR mode.) A 
* 
In t h i s  contex t  t h e  term "1 whis t l e r "  r e f e r s  only t o  the  f a l l i ng - tone  
w h i s t l e r  u sua l ly  assoc ia ted  wi th  the  WT w h i s t l e r .  
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Figure 5. OGO-4 frequency-time spectrogram i l l u s t r a t i n g  an N 100 Hz 
Doppler s h i f t  i n  nonducted fixed-frequency s i g n a l s  from an 
Omega t r a n s m i t t e r  i n  the  conjugate  reg ion  (Aldra,  Norway). A 
t ransmi t ted  pulse  a t  11-1/3 kHz i s  represented  above t h e  record 
by a dash beginning a t  t = 0. T h i s  pu lse  i s  received twice by 
the  s a t e l l i t e .  The f i r s t  s i g n a l ,  p resent ing  no Doppler e f f e c t ,  
appears a t  11-1/3 kHz, t r~ 0.6 sec .  The second is shown by a 
s t r o n g  dash a t  
about 100 Hz. 
a t ransmiss ion  
v e r t i c a l  l i nes  
a r e  t i m e  marks 
s i g n a l  a t  10.2 
t -  1.8 s e c p  w i t h  a nega t ive  Doppler s h i f t  of 
The s t r o n g  continuous s i g n a l  near  11.9 kHz is 
from an un iden t i f i ed  VLF s t a t i o n .  The nea r ly  
a r e  w h i s t l e r s .  Dots a t  t h e  bottom of the record 
generated a t  t h e  te lemet ry  s t a t i o n .  An Omega 
kHz appears near  t he  l e f t  margin. 
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second, s t ronge r  pulse  appears j u s t  below and t o  t h e  r i g h t ,  s t a r t i n g  a t  
t = 1.8 s e c .  T h i s  s i g n a l  e x h i b i t s  a negat ive  Doppler s h i f t  of about 
100 Hz, and is i n t e r p r e t e d  as  propagat ing to  t h e  s a t e l l i t e  i n  t h e  same 
kind of nonducted mode a s  the WT w h i s t l e r s  of Figures  3 and 4 .  (An 
Gmega s i g n a l  a t  10.2 kHz appears near the  l e f t  margin of the record .  
S igna l s  i n  the  PR mode a t  t h i s  frequency a r e  no t  seen here, but were 
observed a t  h igher  latitudes--see Figure  14.) A l a t e r  s e c t i o n  p resen t s  
some r e l a t i v e l y  complex examples of t he  d a t a ,  inc luding  simultaneous 
occurrence i n  t h e  PR mode of whistlers and f ixed-frequency s i g n a l s .  
C .  RAY-TRACING INTERPRETATION OF THE WT WHISTLER 
Whis t le rs  w i t h  t h e  c h a r a c t e r i s t i c s  descr ibed above were reproduced 
by t r a c i n g  nonducted ray  pa ths  from one hemisphere t o  t h e  conjugate  reg ion .  
Ray t r a c i n g s  i n  a cold plasma, with t h e  e f f e c t s  of ions  included,  were 
made wi th  a FORTRAN I V  program descr ibed  i n  Chapter 4 ,  Sec t ion  D. The 
program i s  based on t h e  d i f f e r e n t i a l  equat ions developed i n  Chapter 4 ,  
Sec t ion  B. The model magnetosphere was represented  by a d i p o l e  magnetic 
f i e l d  and isothermal  d i f fus ive-equi l ibr ium d i s t r i b u t i o n  [Angerami and 
Thomas, 19641 of e l e c t r o n s  and ions  along t h e  f i e l d  l i n e s  a t  3000 OK. 
ion  popula t ion  of 90% 0 and 10% H+ w a s  assumed a t  1000 k m .  The model 
of t h e  v a r i a t i o n  of e l e c t r o n  d e n s i t y  a t  1) 1000 km as a func t ion  of l a t i t u d e  
and a t  2)  the equator  as  a func t ion  of L value is shown i n  Figure 6 by 
t h e  heavy l i n e s ,  The t h i n  l i n e s ,  shown f o r  comparison, correspond t o  a 
cons t an t  d e n s i t y  model a t  1000 km. (The r ay  t r a c i n g  ana lys i s  descr ibed 
below p r e d i c t s  t h a t  c e r t a i n  f e a t u r e s  of t h e  PR mode a r e  highly s e n s i t i v e  
t o  t h e  ind ica t ed  type of change i n  model.) 
An 
+ 
Figure 7a i l l u s t r a t e s  nonducted ray pa ths  f o r  waves a t  10 kHz s t a r t i n g  
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DIPOLE LATITUDE AT 1000 krn 
48" 50" 52" 54O 56" 
I I I I I 
1' 
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L 
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Figure  6. Models of t h e  e l e c t r o n  dens i ty  v a r i a t i o n  a t  1000 km as  a 
func t ion  of d i p o l e  l a t i t u d e  ( top )  and a t  t h e  equator  a s  a 
func t ion  of L va lues  (bottom). The heavy l i n e s  r ep resen t  
the b a s i c  model used i n  t h i s  paper ,  t he  t h i n  l i n e s  a cons tan t  
d e n s i t y  model used for comparison. The po r t ion  between po in t s  
a and b i n d i c a t e s  the  range of e q u a t o r i a l  L values  crossed 
by t h e  r ays  t h a t  produced t h e  WT w h i s t l e r s  shown i n  Figure 12. 
A do t  shows t h e  e q u a t o r i a l  e l e c t r o n  dens i ty  measured using a 
nose w h i s t l e r  observed on OGO 4 a few minutes a f t e r  t h e  events  
shown i n  Figure 3a were recorded.  
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i n  t h e  no r the rn  hemisphere a t  two d i f f e r e n t  i n v a r i a n t  l a t i t u d e s  (44.3 0 
and 49.9O) wi th  v e r t i c a l  wave normals a t  an a l t i t u d e  of 500 km. 
f i e l d  l i n e  a t  L = 4 is shown f o r  r e fe rence .  Cumulative t r a v e l  t i m e  
along the pa ths  ( i n  sec) is ind ica t ed  a t  t h e  series of do t s .  The d i r e c t i o n  
of t h e  wave normal is ind ica t ed  by arrows a t  s e v e r a l  p o i n t s ,  and a t  t h e  
arrows t h e  value of t h e  r e f r a c t i v e  index p i s  marked. Thus the  pa th  
beginning wi th  v e r t i c a l  wave normal a t  A '  has an i n i t i a l  1-1 of 15. 
To c l a r i f y  F igure  7a,  Figure 7b  shows t h e  s i n g l e  r ay  pa th  A '  - A and 
a l s o  t h e  d i p o l e  f i e l d  l i n e  of maximum L va lue  along the  pa th  (dashed 
curve) .  Figure 7c p re sen t s  f i v e  r e f r a c t i v e  index diagrams (not  t o  s c a l e )  
t o  i l l u s t r a t e  wave normal and ray  d i r e c t i o n  a t  t h e  po in t s  (1)  through 
(5) of F igure  7b. A t  p o i n t  (11, t h e  wave normal i s  v e r t i c a l ,  and t h e  
r a y ,  whose d i r e c t i o n  i s  normal t o  t h e  r e f r a c t i v e  index s u r f a c e ,  po in t s  
outward toward h igher  L va lues .  The wave normal i s  i n i t i a l l y  pul led  
away from t h e  v e r t i c a l  toward 
i n  the  magnetic f i e l d .  The v e r t i c a l  g rad ien t  of e l e c t r o n  d e n s i t y  then 
becomes a c o n t r o l l i n g  f a c t o r ,  causing f u r t h e r  t i l t i n g  of t h e  wave normal 
toward Bo. A t  some p o i n t  (2) $ reaches a minimum, beyond which it 
inc reases  under t h e  in f luence  of t h e  curva ture  of t h e  magnetic f i e l d ,  
A d ipo le  
* 
Bo by the  e f f e c t  of t he  ho r i zon ta l  g rad ien t  
-3 
Meanwhile, t h e  r ay  cont inues  t o  p o i n t  outward, but a t  p rogress ive ly  smal le r  
angles  u n t i l  i t  is o r i en ted  p a r a l l e l  t o  t h e  magnetic f i e l d  (3 ) .  This is 
s i n c e  from he re  on t h e  r ay  d i r e c t i o n  is  inward w i t h  
Lmax 3 t h e  p o i n t  of 
r e s p e c t  t o  Bo. 
* 
Between (3)  and (4) $ cont inues t o  i n c r e a s e  under the  inf luence  of 
t he  curva ture  and t h e  r a d i a l  g r a d i e n t  of t h e  magnetic f i e l d .  The value 
of p now inc reases  r a p i d l y ,  as shown by t h e  inc rease  from 1-1 = 30 t o  
p = 40 on pa th  A '  - A i n  Figure 7a. A t  p o i n t  (41, $ is c l o s e  t o  t h e  
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Figure 7a.  Ray pa ths  ca l cu la t ed  f o r  wave packets  a t  10 kHz s t a r t i n g  w i t h  
v e r t i c a l  wave normals a t  500 km and i n v a r i a n t  l a t i t u d e s  of 
44.3' (po in t  A ' )  and 49.9O. A d i p o l e  f i e l d  l i n e  a t  L = 4 is  
shown f o r  r e fe rence .  Arrows i n d i c a t e  t h e  wave normal d i r e c t i o n s ,  
and t h e  accompanying va lues  of t he  phase r e f r a c t i v e  index p 
a r e  ind ica t ed .  Travel  t i m e s  c a l cu la t ed  from t h e  s t a r t i n g  p o i n t s  
a t  500 km a r e  ind ica t ed  a t  s e v e r a l  po in t s  along t h e  r ays .  
The t h i n  l ine  shows the  locus of L . max 
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Figure 7b. Sketch of the  inne r  ray  pa th  from Figure 7a,  showing t h e  
d i p o l e  f i e l d  l i n e  through maximum L along t h e  path.  
- 20 - 
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Figure 7c.  F ive  r e f r a c t i v e  index diagrams (not  t o  s c a l e )  i n d i c a t i n g  
t h e  wave normal and r a y  d i r e c t i o n  a t  four  r e p r e s e n t a t i v e  
p o i n t s  along t h e  ray pa th  of F igure  7b. 
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and t h e  r ay  p a t h  i s  s t rong ly  dependent on the  $res 9 resonance angle  
conf igu ra t ion  of t h e  magnetic f i e l d .  A t  po in t  (51 ,  t he  resonance angle  
and the  a s soc ia t ed  angle  $I have increased  u n t i l  the ray  i s  approximately 
p a r a l l e l  t o  Bo. 
f o r  the las t  s e v e r a l  thousand km. 
4 
Hence t h e  r ay  fol lows c lose ly  a geomagnetic f i e l d  l i n e  
A d i f f e r e n t  i n t e r p r e t a t i o n  f o r  t h e  r ay  pa th  is  given i n  Chapter 4,  
Sec t ion  E, where t h e  equat ion t h a t  governs the  v a r i a t i o n  of JI along 
t h e  pa th  is used. 
Another view of t h e  r ay  t r a c i n g  r e s u l t s  is shown i n  F igure  Sa where 
t r a v e l  t i m e  through the magnetosphere t o  a s a t e l l i t e  a t  600 km is  p l o t t e d  
a s  a func t ion  of the  i n v a r i a n t  l a t i t u d e  of t h e  a r r i v a l  p o i n t ,  wi th  t h e  
wave frequency used as a parameter.  (The t h i n  l i n e  r e p r e s e n t s  t h e  cons tan t -  
density-at-1000-km model of Figure 6 . )  The coord ina tes  of t h e  po in t  B, 
f o r  i n s t ance ,  a r e  t h e  t i m e  of propagat ion from A '  t o  A ( c f .  Figure 7a) 
and t h e  i n v a r i a n t  l a t i t u d e  of p o i n t  A .  The dashed l i n e s  i n  Figure Sa 
i n d i c a t e  t h e  outermost L-shel l  reached by each r ay  ( f o r  po in t  B, L = 
2.81). F igure  8 b  shows a corresponding p l o t  of input  l a t i t u d e  versus  
observing l a t i t u d e .  (Wave normals a r e  assumed v e r t i c a l  a t  t h e  input . )  
Poin t  B, corresponding t o  pa th  A '  - A of Figure 7a,  r ep resen t s  
max 
- 
- 
0 = 50.78 a The inpu t  l a t i t u d e s  i n  Figures  Sa and 8 b  
were l imi t ed  t o  5 6 O .  (The behavior of r ays  s t a r t i n g  above - 51 i s  
very s e n s i t i v e  t o  de ta i l s  of the h o r i z o n t a l  g rad ien t s  i n  t he  ionosphere 
and is under i n v e s t i g a t i o n . )  
44 0 3 1 ~  8 'OBSERVED 
0 
Figures  Sa and 8 b  may be used t o  p r e d i c t  a number of f e a t u r e s  of t he  
PR mode. A t  a f i xed  s a t e l l i t e  l a t i t u d e ,  f o r  example, t r a v e l  t ime inc reases  
wi th  frequency i n  t h e  gene ra l  manner i l l u s t r a t e d  by the d a t a  of Figure 3. 
For an observer  a t  51°, t h e  c a l c u l a t e d  t r a v e l  time a t  8 kHz is N 0.8 s e c  
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and i n c r e a s e s  t o  - 2.0 s e c  f o r  f = 12 kHz. For a f ixed  frequency, say 
f = 10 kHz, t r a v e l  t i m e  i nc reases  with increas ing  s t a r t i n g  and observing 
l a t i t u d e  ( see  a l s o  F igure  7 a ) ,  ranging f r o m  near  0.8 sec a t  
l a t i t u d e  t o  - 2.0 sec a t  5 2  . N o t e  t h a t  over  t h i s  2' change i n  end- 
p o i n t  l a t i t u d e ,  t h e  i n i t i a l  l a t i t u d e  changes by - 6O, from N 42O t o  
50° observing 
0 
0 - 48 . 
Severa l  features  of t h e  d a t a  w i l l  now be discussed i n  terms of the  
p r e d i c t i o n s  of F igures  7 and 8. 
1. Lower Cutoff Frequency E f f e c t s  i n  t h e  PR Mode 
The  downcoming r ays  i n  Figure 7 e x h i b i t  wave normals t h a t  a r e  
n e a r l y ,  but  no t  q u i t e ,  t r ansve r se  t o  the  geomagnetic f i e l d .  This condi t ion  
cont inues  on downward as long as  t h e  r e f r a c t i v e  index s u r f a c e  is  open, 
t h a t  i s ,  as long as t h e  wave frequency is  above t h e  l o c a l  lower hybrid 
resonance (LHR) frequency. Along t h e  ray  p a t h  i f  t he  LHR frequency 
reaches and then  exceeds the wave frequency, t h e  r e f r a c t i v e  index s u r f a c e  
becomes c losed  and sh r inks  i n  s i z e .  This cond i t ion ,  combined w i t h  t h e  
l a r g e  r e f r a c t i v e  i n d i c e s  g e n e r a l l y  encountered i n  the PR mode below a few 
thousand k i lome te r s ,  l eads  t o  r e f l e c t i o n  as  i n  the  case  of MR w h i s t l e r s  
[Smith and Angerami, 19681. Thus a s a t e l l i t e  w i l l  not  r ece ive  waves i n  
t h e  PRsmode a t  f r equenc ie s  below t h e  maximum value  of t he  LHR frequency 
above t h e  s p a c e c r a f t .  If  t h i s  maximum value  does no t  change r a p i d l y  over  
a few degrees  i n  l a t i t u d e ,  WT w h i s t l e r s  observed on a s i n g l e  s a t e l l i t e  
pass  should e x h i b i t  a r e l a t i v e l y  cons t an t  lower cu tof f  frequency. This 
is i n  f a c t  t h e  case ,  as Figure 3a i l l u s t r a t e s .  
Var ia t ion  of t h e  LHR frequency wi th  he ight  a t  an i n v a r i a n t  l a t i t u d e  
of 51° i s  shown i n  Figure 9 f o r  t he  model magnetosphere used. The LHR 
frequency has two maxima, a lower one produced by t h e  dens i ty  peak a t  t he  
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Figure 9.  Behavior of t h e  lower hybrid resonance (LHR) frequency 
wi th  he igh t  at 51° i n v a r i a n t  d i p o l e  l a t i t u d e ,  f o r  t h e  
model magnetosphere used. 
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+ F l a y e r  and an upper one by t h e  t r a n s i t i o n  from heavy ions  (0 ) t o  l i g h t  
ions  (H 1. 
t he  upper maximum. The curve i n  Figure 9 implies  t h a t  WT w h i s t l e r s  
observed by a s a t e l l i t e  below 2000 km a l t i t u d e  w i l l  have a lower cutoff  
a t  7.5 kHz (compare wi th  d a t a  of Figure 3a and Figure  4 showing a lower 
cu to f f  a t  about 7.4 kHz). 
-!- 
In  t h i s  work t h e  t e r m  "maximum LHR frequency" w i l l  r e f e r  t o  
F igure  9 impl ies  t h a t  a s a t e l l i t e  s i t u a t e d  above t h e  l e v e l  of t h e  
maximum LHR frequency could r e c e i v e  both downcoming and r e f l e c t e d  upgoing 
waves wi th in  a frequency range between t h e  l o c a l  and the  maximum LHR below 
the  s a t e l l i t e .  A l imi t ed  number of WT w h i s t l e r s  exh ib i t i ng  t h i s  double 
component f e a t u r e  have been observed. An example, received by OGO 4 a t  
an a l t i t u d e  of 792 k m  i n  t h e  v i c i n i t y  of Byrd S t a t i o n ,  An ta rc t i ca ,  i s  
shown i n  F igure  10.  The WT w h i s t l e r ,  ind ica ted  by t he  arrow, resembles 
a f i s h  hook and i s  seen  i n  a frequency range of 6 t o  8 .3  kHz. The po r t ion  
between 6 and 7 kHz is observed again about 70 msec la ter ,  sugges t ing  a 
r e f l e c t i o n  of t h e s e  waves below the  s a t e l l i t e  i n  t h e  manner proposed 
above. An example of a r ay  wi th  t h i s  c h a r a c t e r i s t i c  is shown i n  Figure 
23. 
WT whistlers of t h i s  kind y i e l d  information both on t h e  value of t h e  
LHR a t  . t h e  s a t e l l i t e  (minimum frequency r e f l e c t e d ,  6 kHz i n  Figure 10)  
and on a lower bound for t h e  maximum LHR below it  (maximum frequency 
r e f l e c t e d ,  7 kHz i n  Figure l o ) .  The e f f e c t  i s  similar t o  t h a t  producing 
t h e  Nu w h i s t l e r  observed on t h e  h ighe r -a l t i t ude  s a t e l l i t e  O W  1 [Smith 
and Angerami, 19681. Re f l ec t ion  a t  t he  LHR frequency has a l s o  been 
s tud ied  by Smith e t  a l . ,  L19661 and Storey and Cerisier 119681 t o  expla in  
bands of n o i s e  observed on t h e  e l e c t r i c  antenna of Alouet te  1 near  t h e  
LHR frequency [Barrington and Belrose,  1963; Brice and Smith, 19651, 
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30 UT 
90 km 
Figure  10. A frequency-time spectrogram of a walking-trace CWT) 
w h i s t l e r  (arrow) exh ib i t i ng  two c l o s e l y  spaced components 
between the  lower cu to f f  a t  6 kHz and 7 kHz. The descending 
tone  fol lowing the  WT w h i s t l e r  w a s  produced by t h e  same 
l i g h t n i n g  d ischarge ,  
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2 .  Upper Cutoff Frequency Ef fec t s  i n  t h e  P R  Mode 
Figures  8 a  and 8b  p r e d i c t  an upper cu tof f  frequency i n  WT w h i s t l e r s ,  
i n  t he  sense  t h a t  rays  a t  a given frequency w i l l  be confined wi th in  some 
upper l i m i t i n g  l a t i t u d e .  This  e f f e c t  can be appreciated from a comparison 
of t h e  two r ay  pa ths  f o r  f = 10 kHz of Figure 7a .  
increases, t h e  va lue  of L inc reases .  However, t h e  l a t i t u d e  of t h e  
p o i n t  L a l s o  increases (along the  t h i n  l i n e ) .  This  permits  a consider-  
a b l e  inc rease  i n  l eng th  of t h e  pa th  segment over which t h e  ray  is t i l t e d  
inward from Bo (segment corresponding t o  (4) - ( 5 )  of Figure 7b) .  Thus 
t h e  inc reas ing  'asymmetry' about t h e  equator  tends t o  compensate f o r  t he  
i n c r e a s e  i n  
Lf i n a l  
As \ i n p u t  l a t i t u d e  
max 
max 
and r ay  pa ths  tend t o  c l u s t e r  a t  a s i n g l e  va lue  of Lmax 9 
Var ia t ions  i n  t h e  model o f  e l e c t r o n  d e n s i t y  cause t h e  locus of 
i n  Figure 7a  t o  be s h i f t e d  or d i s t o r t e d .  There a r e  then apprec iab le  Lmax 
changes i n  the  predic ted  h igh  frequency behavior i n  t h e  PR mode. For 
example, i n  Figure 8 b  t h e  s o l i d  curves  based on t h e  model e x h i b i t i n g  a 
h o r i z o n t a l  d e n s i t y  g r a d i e n t  (Figure 6 )  reach  a maximum l a t i t u d e  of 
f o r  a wave a t  f = 10 kHz s t a r t i n g  a t  50.8'. Rays s t a r t i n g  a t  h igher  
52.7O 
i n i t i a l  l a t i t u d e s  c r o s s  over t he  o t h e r  pa ths  and a r r i v e  a t  l a t i t u d e s  less 
than 52.7O, wi th  lower t r a v e l  t i m e s  (see Figure  Sa ) .  However t he  t h i n  
l i n e  i n  t h e  same f i g u r e  (corresponding t o  cons t an t  dens i ty  a t  1000 km) 
extends above 52.7'. 
Both d e n s i t y  models lead t o  p r e d i c t i o n s  of a decrease  i n  upper 
l i m i t i n g  frequency wi th  inc reas ing  observing l a t i t u d e .  Clear  upper cu t -  
o f f  effects of t h i s  kind are shown i n  Figure 12 ,  middle of t h e  upper 
pane l .  Addi t iona l  comments on upper cu to f f  e f f e c t s  a r e  given below i n  
the  s e c t i o n  on comparison of ca l cu la t ed  and observed s p e c t r a .  
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3. L a t i t u d i n a l  Limits of Observation of t h e  PR Mode 
PR mode propagat ion was i d e n t i f i e d  i n  w h i s t l e r s  and/or Qnega 
t ransmiss ion  on about 100 of 300 OGO-2 and OW-4 passes  r ep resen t ing  the  
per iod August 1967 - February 1968. PR-mode e f f e c t s  were observed only 
i n  d a t a  from t h e  range of i n v a r i a n t  l a t i t u d e s  of 47O t o  5 6 O .  One 
obvious mechanism f o r  the h igh - l a t i t ude  l i m i t  is  a bandwidth e f f e c t ,  
wherein t h e  frequency range of t h e  WT w h i s t l e r  decreases  wi th  increas ing  
observing l a t i t u d e  u n t i l  t he  upper and lower cu tof f  f requencies  co inc ide .  
This  tendency ,is i l l u s t r a t e d  i n  t h e  upper pane l  of Figure 12, where t h e  
upper cu tof f  f a l l s  r e l a t i v e l y  smoothly from 13 kHz near  
5 kHz near  5 6 O .  
51° t o  about 
The lower cu to f f  e f f e c t s  a r e  not  w e l l  def ined here ,  
being i l l u s t r a t e d  more c l e a r l y  i n  F igure  3. 
The h igh - l a t i t ude  l imiting-bandwidth e f f e c t  i s  shown q u a l i t a -  
t i v e l y  i n  Figure 8a, where the  observable  bandwidth as  a func t ion  of 
l a t i t u d e  i s  t h a t  reg ion  of p l o t t e d  f requencies  above t h e  f = 8 kHz l i n e  
(assuming t h a t  
width is  4 kHz 
- 8 kHz) a For example, a t  51.37O the  band- LHR(max) 
A t  low l a t i t u d e s ,  observa t ion  of t he  WT t r a c e  i s  no t  i n  genera l  
l i m i t e d  by a c c e s s i b i l i t y  but r a t h e r  by t h e  reduct ion  i n  t h e  range of 
observable  t r a v e l  t i m e s .  For example, F igure  8a shows t h a t  a t  low 
observing l a t i t u d e s ,  say nea r  49O, t h e  d i f f e r e n c e  i n  t r a v e l  time wi th  
inc reas ing  frequency is  smal l ;  hence the c h a r a c t e r i s t i c  r i s i n g  form of 
F igure  3 is not  observed. 
4 .  Local Time of Occurrence of t h e  PR Mode of Propagation 
I t  w a s  noted above ( c f ,  F igure  8a) t h a t  t he  high-frequency, la rge-  
d i s p e r s i o n  range of t h e  WT w h i s t l e r  is h ighly  s e n s i t i v e  to t h e  e l e c t r o n  
d e n s i t y  d i s t r i b u t i o n  i n  t h e  uppep ionosphere and magnetosphere. A s  
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g r a d i e n t s  of t h e  type  shown by the  s o l i d  curve of Figure 6 a r e  extended 
t o  lower L va lues ,  t h e  e f f e c t  i n  F igure  8 i s  t o  cause s t i l l  l a r g e r  
depa r tu re s  from t h e  behavior of t h e  t h i n  l i n e s  and t o  cause the double 
valued condi t ion  t o  arise a t  much lower t r a v e l  t imes and input  l a t i t u d e s .  
The r e s u l t  is  a p r e d i c t i o n  tha t  t h e  PR mode should not  occur under day- 
t i m e  condi t ions  t h a t  involve l a rge - sca l e  h o r i z o n t a l  g rad ien t s  i n  t h e  
ionosphere of t h e  type shown by s a t e l l i t e  experimenters such as Brace e t  a l . ,  
r19671. 
T h i s  p r e d i c t i o n  w a s  v e r i f i e d  by an a n a l y s i s  of VLF d a t a  from more 
than 300 real  time passes  of OGO 2 and OGO 4 for the  period August 1967 
t o  February 1968. The te lemetry s t a t i o n s  used were Byrd S t a t i o n ,  Antarc- 
t i c a ;  Sant iago and Q u i t o ,  South America; Rosman, North Caro l ina ;  Johannes- 
burg and Madagascar, South Af r i ca .  PR modes were observed only i n  d a t a  
from Byrd, Johannesburg, Rosman and Madagascar, and a s  noted above, only 
i n  the range of i n v a r i a n t  l a t i t u d e s  47O t o  56O. 
Figure 11 i l l u s t r a t e s  t he  tendency f o r  PR mode a c t i v i t y  t o  be 
confined t o  n ight t ime hours .  A l l  d a t a  from a l l  passages of OGO 4 over 
Johannesburg dur ing  t h e  month of September 1967 a r e  represented .  F i l l e d  
symbols i n d i c a t e  t h a t  t h e  s a t e l l i t e  was i n  t h e  i n v a r i a n t  l a t i t u d e  range 
of PR propagat ion,  and squares  i n d i c a t e  the presence of PR mode e f f e c t s .  
The pe r iods  when t h e  VLF r e c e i v e r  w a s  connected wi th  an electric antenna 
a r e  ind ica t ed  by t h e  arrows l a b e l l e d  E.  The s o l i d  v e r t i c a l  l i n e  i n d i c a t e s  
per iods  when t h e  VLF experiment w a s  turned o f f .  Crosses i n d i c a t e  those 
passes  on which t h e  unbalanced e l e c t r i c  antenna of OGO 4 d id  not  opera te  
proper ly  due to  s t r o n g  i n t e r f e r e n c e  i n  s u n l i g h t  (J .  Katsuf rak is ,  personal  
communication). The approximate l o c a l  times a t  t h e  s a t e l l i t e  a r e  given 
by t h e  dashed l i n e s .  
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The f i g u r e  i n d i c a t e s  t h a t  the PR mode was observed only during 
l o c a l  n ight t ime hours and t h a t  i t  w a s  observed both by e l e c t r i c  and 
magnetic antennas.  The l a t t e r  r e s u l t  is expected from the  i n t e r p r e t a t i o n  
of t he  PR mode as  an e s s e n t i a l l y  e lec t romagnet ic  phenomenon. 
5 .  The Occurrence of t h e  PR Mode as a Function of Magnetic A c t i v i t y  
There i s  a s  y e t  no ev ident  dependence of t h e  occurrence of WT 
w h i s t l e r s  on magnetic a c t i v i t y ,  a t  l e a s t  w i th in  a range from very q u i e t  
cond i t ions  t o  cond i t ions  of moderate d is turbance .  For example, r e f  e r r i n g  
t o  Figure 11 and t h e  observa t ions  during t h e  month of September 1967 near  
Johannesburg, of t h e  15 passes  involving PR mode observa t ions ,  10 were 
such t h a t  C K f o r  t h e  preceding day w a s  < 20, 5 involved C K > 20. 
6. Simultaneous Occurrence of t he  PR Mode and of F a l l i n g  Tone 
P P 
Whis t le rs  
The simultaneous occurrence of the r a p i d l y  varying walking-trace 
and t h e  slowly varying f a l l i n g - t o n e  (1 - ) w h i s t l e r s  of Figure 3 is  apparent ly  
due t o  a condi t ion  i n  which t h e r e  a r e  h o r i z o n t a l  g rad ien t s  i n  the  ionosphere.  
I t  w a s  f i r s t  thought t h a t  t h e  cons tan t -d ispers ion  w h i s t l e r s  might be 
s c a t t e r i n g  from a duc t .  However r e c e n t  r e sea rch  by R.  Scarabucci (personal  
communication) sugges ts  t h a t  they a r e  nonducted but propagate a t  r e l a t i v e l y  
s m a l l  wave-normal angles ,  as a r e s u l t  of h o r i z o n t a l  dens i ty  g rad ien t s  i n  
p o r t i o n s  of t h e  magnetosphere. The presence of t hese  g r a d i e n t s  a l s o  
l i m i t s  t h e  occurrence of WT w h i s t l e r s  i n  l a t i t u d e ,  as shown i n  Figure 8. 
D. COMPARISON BETWEEN CALCULATED AND OBSERVED WT WHISTLERS 
The time-frequency s p e c t r a  of t he  WT w h i s t l e r s  marked by heavy arrows 
i n  Figure 3a a r e  shown by continuous l i n e s  i n  Figure 12 using the  pos i t i on  
of the l i g h t n i n g  source ( i d e n t i f i e d  i n  Figure 3a )  a s  a common t i m e  o r i g i n .  
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Figure 12. Comparison of ca l cu la t ed  and observed WT- 
w h i s t l e r  s p e c t r a .  The continuous l i n e s  a r e  
t r a n s c r i p t i o n s  of frequency-time s p e c t r a  of 
WT w h i s t l e r s  observed a t  t h e  i n v a r i a n t  
l a t i t u d e s  i n d i c a t e d .  The examples were 
taken from t h e  events  marked by heavy arrows 
i n  Figure 3a,  t h e  l i gh tn ing  source pos i t i ons  
se rv ing  a s  a common t i m e  o r i g i n .  Spectra  of 
WT w h i s t l e r s  ca l cu la t ed  f o r  i n v a r i a n t  l a t i -  
tudes corresponding t o  those  of the  
observa t ions  are shown by d o t s .  
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The time-frequency s p e c t r a  of WT w h i s t l e r s  ca l cu la t ed  f o r  t he  inva r i an t  
l a t i t u d e s  and a l t i t u d e s  where t h e  observa t ions  were made a re  shown by 
d o t s  i n  the same f i g u r e .  The c a l c u l a t i o n s  were made by t r a c i n g  rays  i n  
t h e  model magnetosphere a l ready  descr ibed ,  and from which Figure 8 was 
produced. There i s  ev iden t ly  very c l o s e  agreement i n  t r a v e l  time between 
t h e  observed and c a l c u l a t e d  s p e c t r a .  
There i s  a l s o  e x c e l l e n t  agreement between ca l cu la t ed  and observed 
s p e c t r a  on lower cu tof f  frequency. This  w a s  achieved by choosing a model 
d e n s i t y  wi th  a maximum LHR frequency above t h e  s a t e l l i t e  (Figure 9 )  equal 
t o  t h e  lower cu tof f  frequency of t h e  observed w h i s t l e r s .  
The upper cu to f f  f requencies  f o r  t h e  ca l cu la t ed  WT w h i s t l e r s  a r e  
somewhat higher  than the ones shown by the  d a t a  i n  Figure 12. 
i n v a r i a n t  l a t i t u d e  f o r  i n s t ance ,  Figure 8 p r e d i c t s  an upper cu tof f  of 
about 12 kHz, whereas the  observed WT w h i s t l e r  extends only t o  10.5 kHz 
(Figure  13).  Severa l  mechanisms have been considered t o  account f o r  such 
a discrepancy.  
A t  51.4O 
One p o s s i b i l i t y  is  t h a t  r a y s  t r a v e l i n g  beyond L = 3.0 a r e  Landau 
absorbed, s i n c e  i n  t h i s  r eg ion  the  wave normals i n  t h e  PR mode make 
l a r g e  angles  wi th  the geomagnetic f i e l d  ( c f .  F igure  7). ( T h i s  type of 
i n t e r a c t i o n  has been proposed i n  order  t o  expla in  the  absence of MR 
w h i s t l e r s  a t  high L-shel ls  CThorne, 19681.) Before a s ses s ing  the  ex ten t  
of t h i s  e f f e c t ,  i t  i s  necessary t o  examine t h e  e f f e c t  of ho r i zon ta l  
g r a d i e n t s  i n  t h e  thermal  plasma a t  low a l t i t u d e s .  
Another p o s s i b i l i t y  is  t h a t  an appropr i a t e  modif icat ion i n  the  
magnetospheric d e n s i t y  model could lower t h e  l a t i t u d e  of t h e  upper cu tof f  
shown i n  Figure 8 b  (nose of t h e  s o l i d  cu rves ) .  This hypothesis ,  which 
a t  p re sen t  cannot be ru led  o u t ,  involves  f u r t h e r  complications i n  t h e  
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d e n s i t y  model and is under s tudy.  
A t h i r d  p o s s i b l e  explana t ion  of the  discrepancy is  t h a t  the  plasma- 
pause was loca ted  near  L = 3.0 a t  t he  time of t h e  observa t ions .  This 
would e s s e n t i a l l y  i n v a l i d a t e  t h e  p red ic t ions  of Figure 8 for t h e  behavior 
of r ays  near  the l i n e  L = 3.0. This p o s s i b i l i t y  may be d iscarded ,  
s i n c e  a t  t h e  t i m e  of the observa t ions ,  t h e  plasmasphere extended a t  l e a s t  
t o  L = 3.7.  This i s  shown by a plasmasphere l e v e l  of e q u a t o r i a l  dens i ty  
a t  L = 3.7 (dot  i n  Figure 6 )  determined from nose w h i s t l e r s  received a t  
OGO 4 wi th in  two minutes of the  observa t ions  of t h e  WT w h i s t l e r s  of 
F igure  3a .  
max 
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111. FOCUSING AND DOPPLER SHIFTS I N  THE PR MODE; 
OBSERVATIONS OF OMEGA FIXED-FREQUENCY TRANSMISSIONS 
A INTRODUCTION 
The U . S .  Navy has VLF t r a n s m i t t e r s  i n  t h e  range of f r equenc ie s  from 
10.2 t o  13.6 kHz i n  d i f f e r e n t  p a r t s  of t h e  world. In Table 1 ( f o r  t h e  
per iod  16 August 1967 t o  15 March 1968) i s  shown t h e  approximate power 
t r a n s m i t t e d ,  t h e  f r equenc ie s  of o p e r a t i o n  and t h e  p a t t e r n  a t  which t h e  
p u l s e s  are s e n t  f o r  each s t a t i o n .  For i n s t a n c e ,  t h e  s t a t i o n  a t  Aldra 
(1 )  sends pu l ses  a t  10.2 kHz every t en  seconds w i t h  0.9 second dura t ion .  
The l o c a t i o n  of t h e s e  s t a t i o n s  and of t h e  te lemet ry  s t a t i o n s  f o r  OGO 2 
and OGO 4 is  shown i n  F igure  13. Also the s u b s a t e l l i t e  pa th  f o r  an 
OGO-4 passage is i n d i c a t e d .  S ince  t h e  f r equenc ie s  t r ansmi t t ed  a r e  i n  
t h e  range  of t h e  WT w h i s t l e r s ,  it is  expected t h a t  they must  a l s o  propa- 
g a t e  i n  t h i s  mode and be rece ived  a t  t h e  conjugate  hemisphere of t h e  
t r ansmiss ion  w i t h  t h e  same c h a r a c t e r i s t i c s  of t h e  WT w h i s t l e r s .  S ince  
t h e  waves t h a t  produced t h e  WT w h i s t l e r s  show l a r g e  va lues  f o r  t h e  phase 
r e f r a c t i v e  index, i t  i s  expected t h a t  t h e s e  waves p re sen t  Doppler s h i f t s  
t h a t  may reach  hundreds of Hertz and t h e r e f o r e  may e a s i l y  be observed i n  
a frequency t i m e  spectrogram. Another phenomenon t h a t  may be observed 
on t h e s e  fixed-frequency s i g n a l s  is t h e  focus ing  e f f e c t  due t o  t h e  con- 
vergence of t h e  energy a t  t h e  o p p o s i t e  hemisphere of t h e  t ransmiss ion  
( s e e  F igure  7 a ) .  
B. FOCUSING AND RELATED EFFECTS I N  A CASE STUDY INVOLVING WHISTLERS 
AND FIXED-FREQUENCY SIGNALS 
Focusing e f f e c t s  a r e  a n a t u r a l  consequence of t h e  convergence of 
r a y  p a t h s  d iscussed  above i n  connection wi th  F igure  7a.  F igure  8b,  f o r  
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example, p r e d i c t s  t h a t  r ays  wi th  a 6O spread i n  s t a r t i n g  l a t i t u d e  
a r r i v e  w i t h i n  a 2O range. Such e f fec ts ,  whi le  observable i n  w h i s t l e r s  
(compare t h e  r e l a t i v e  i n t e n s i t i e s  of t h e  WT and 1 w h i s t l e r s  of Figure 
4 )  a r e  p a r t i c u l a r l y  c l e a r  i n  t h e  obse rva t ions  of fixed-frequency VLF 
t r ansmiss ions .  The f i x e d  f r equenc ie s  from 10.2 t o  13.6 kHz t r ansmi t t ed  
by t h e  Omega s t a t i o n s  a r e  i n  t h e  range of f r equenc ie s  observed i n  WT 
w h i s t l e r s ,  and when rece ived  by a s a t e l l i t e  i n  t h e  hemisphere conjugate 
t o  t h e  t r a n s m i t t e r  g e n e r a l l y  e x h i b i t  c h a r a c t e r i s t i c s  s imi l a r  t o  those  of 
t h e  p r e v a i l i n g  WT w h i s t l e r  a c t i v i t y .  Seve ra l  such e f f e c t s ,  inc luding  
focus ing ,  a r e  i l l u s t r a t e d  i n  F igure  14,  which shows OGO-4 s p e c t r a  received 
near 50° l a t i t u d e  i n  t h e  southern  hemisphere. Hor izonta l  l i n e s  a t  t h e  
r i g h t  end of t h e  pane ls  i d e n t i f y  t h e  s i g n a l  f r equenc ie s  10.2,  11-113, 
12.4 and 12.5 kHz from the  Omega t r a n s m i t t e r  i n  Fores t  P o r t ,  New York. 
In t h e  t o p  pane l ,  t h e  Omega s i g n a l s  appear a s  dashes of va r ious  l eng ths ,  
and t h e i r  i n t e n s i t y ,  as evidenced by t h e  darkness of t h e  d i s p l a y ,  drops 
s h a r p l y  above and t o  t h e  r i g h t  of t h e  s lop ing  da rk  a r e a  t h a t  extends 
from - 51° t o  - 56 . In t h e  expanded time-scale po r t ions  of t h i s  
record  marked A and B and shown i n  t h e  middle and bottom panels ,  t h e  
dark area may be i d e n t i f i e d  a s  having been produced by WT w h i s t l e r s ,  i n  
t h e  form of somewhat i r r e g u l a r  r i s i n g  tones .  
darkness  of t h e  record  is  made by r e l a t i v e l y  pure ,  f a l l i n g - t o n e  w h i s t l e r s  
t h a t  accompany many of t h e  WT even t s .  The s t r o n g e r  s i g n a l s  from Omega 
a r e  i n t e r p r e t e d  as t h e  r e s u l t  of propagation i n  t h e  P R  mode, t h e  i n t e n s i t y  
enhancement n e a r  50° being a s soc ia t ed  wi th  t h e  focus ing  e f f e c t  p red ic t ed  
i n  F igure  7a o r  F igure  8b. The weaker s i g n a l s  from Omega rece ived  a t  
h igher  l a t i t u d e s  a r e  believed t o  r each  t h e  s a t e l l i t e  on pa ths  similar t o  
those  of t h e  1 w h i s t l e r s  marked by a s t e r i s k s  i n  Figure 3a .  
- 
0 
Some c o n t r i b u t i o n  t o  t h e  
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The schedule  of the  t r ansmi t t ed  pu l ses  from Omega (Fores t  P o r t )  is 
shown immediately above the  m i d d l e  and bottom panels  i n  Figure 14. From 
a c a r e f u l  comparison of t h e  t r ansmi t t ed  and received pu l ses ,  i t  w a s  found 
t h a t  t h e  t r a v e l  t i m e s  of Omega s i g n a l s  i n c r e a s e  r a p i d l y  w i t h  l a t i t u d e ,  
i n  agreement w i t h  t he  p r e d i c t i o n s  fo r  the  P R  mode (ef. Figure  Sa ) .  T h i s  
i n c r e a s e  i n  t r a v e l  t i m e  w i t h  l a t i t u d e  may be seen  i n  panel A i n  the  
case  of two pu l ses  t r ansmi t t ed  a t  11-1/3 kHz (arrows).  
from t h e  t r a i l i n g  edge of t h e  f i rs t  t r ansmi t t ed  p u l s e  t o  the  t r a i l i n g  
edge of t h e  corresponding rece ived  s i g n a l  (below and j u s t  t o  t h e  r i g h t )  
i s  N 1.1 sec. For t h e  second p u l s e  t he  t i m e  is increased t o  - 1.5 sec. 
The  p u l s e s  rece ived  i n  t h e  PR mode are longer  than  those  transmitted,  
e s p e c i a l l y  nea r  t h e  h i g h - l a t i t u d e  c u t o f f .  This  is c o n s i s t e n t  wi th  t h e  
The t r a v e l  t i m e  
behavior of the WT w h i s t l e r s  i n  the same f i g u r e ,  which on c l o s e  in spec t ion  
may be seen  t o  e x h i b i t  pronounced i n c r e a s e s  i n  t r a v e l  t i m e  w i t h  i nc reas ing  
frequency nea r  t h e  upper l i m i t i n g  frequency . 
C. DOPPLER SHIFT EFFECTS I N  THE PR MODE 
The low phase v e l o c i t i e s  r e s u l t i n g  from n e a r l y  t r a n s v e r s e  propagation 
a t  t h e  end of t he  nonducted pa th  (see Figure  7a )  can cause  a s u b s t a n t i a l  
Doppler s h i f t  when such  waves a r e  observed by a p o l a r ,  low a l t i t u d e  
s a t e l l i t e  such as OGO 4.  Also, the  Doppler s h i f t  can be p o s i t i v e  or 
nega t ive  depending on whether t he  s a t e l l i t e  i s  moving equatorward or 
poleward. The  phase r e f r a c t i v e  i n d i c e s  c a l c u l a t e d  f o r  three d i f f e r e n t  
f r equenc ie s  a r e  p l o t t e d  as a f u n c t i o n  of i n v a r i a n t  l a t i t u d e  i n  F igure  15, 
where p o i n t  C corresponds t o  p o i n t  B of F igure  8 ( the  t h i n  l i n e  
corresponds t o  t h e  model of e l e c t r o n  d e n s i t y  cons t an t  a t  1000 km (c f .  
F igure  6 ) .  The r e l a t i v e  Doppler s h i f t s  can be approximately obtained 
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from t h e  scale  on t h e  r i g h t ,  which w a s  c a l c u l a t e d  tak ing  t h e  average 
v e l o c i t y  of OGO 4 t o  be 7.5 km-sec , h o r i z o n t a l ,  and i n  t h e  magnetic -1 
meridian p lane .  The angle  between t h e  wave normal and t h e  s a t e l l i t e  
v e l o c i t y  w a s  t aken  as t h e  complement of t h e  average d i p  angle  f o r  t h e  
range of l a t i t u d e s  shown s ince,  a s  a l r eady  s t a t e d ,  t h e  wave normal l ies 
c l o s e  t o  t h e  normal t o  t h e  magnetic f i e l d  i n  t h i s  r eg ion .  The p l o t  
p r e d i c t s  t h a t  t h e  magnitude of t h e  Doppler s h i f t  should i n c r e a s e  both 
w i t h  frequency and l a t i t u d e .  
Clear evidence of Doppler and focus ing  e f f e c t s  i n  Omega s i g n a l s  has 
been found i n  r eco rds  from twelve OGO-2 and OGO-4 passes .  The Doppler 
s h i f t s  were n e g a t i v e  i n  a l l  bu t  two cases, due t o  t h e  poleward d i r e c t i o n  
of s a t e l l i t e  motion on most of t h e  passes s u i t a b l e  f o r  observing PR mode 
/ 
e f f e c t s .  (The number of such  passes  i s  l i m i t e d  by l o c a l  t i m e  r e s t r i c t i o n s  
on t h e  d i s t r i b u t i o n  of e l e c t r o n  d e n s i t y  (descr ibed  above), and by t h e  
requirement of approximate conjugacy t o  an Omega t r a n s m i t t e r . )  
F igure  16 shows examples from OGO 4 of Doppler s h i f t s  i n  PR mode 
. s i g n a l s  from t h e  Omega t r a n s m i t t e r  i n  Aldra,  Norway. The t ransmiss ion  
schedule  of pu l se s  a t  10.2 and 11-1/3 kHz> is  ind ica t ed  i n  t h e  upper 
margin. A nega t ive  s h i f t  ( c o n s i s t e n t  i n  s i g n  wi th  t h e  poleward d i r e c t i o n  
of s a t e l l i t e  motion) i s  p a r t i c u l a r l y  w e l l  i l l u s t r a t e d  by t h e  f i r s t  p a i r  
of s i g n a l s  nea r  11-1/3 kHz ( s e e  F igure  5 f o r  an expanded ve r s ion  of t h i s  
p a r t ) .  The f i r s t  weaker s i g n a l ,  corresponding t o  t h e  1 - w h i s t l e r  of 
F igure  3a ,  e x h i b i t s  no frequency s h i f t .  The second, PR mode p u l s e ,  
e x h i b i t s  a clear nega t ive  o f f s e t  of a b o u t  100 H z ,  and is v i s i b l y  more 
i n t e n s e  than t h e  o t h e r  s i g n a l .  A s imi la r  Doppler s h i f t  e f f e c t  ( - 100 Hz) 
i s  presented  a t  h ighe r  l a t i t u d e s  by t h e  p a i r  of s i g n a l s  produced by t h e  
t h i r d  t r ansmi t t ed  p u l s e  a t  10.2 kHz. The two preceding s i g n a l s  a t  t h i s  
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f requency,  received a t  lower l a t i t u d e s ,  e x h i b i t  no d e t e c t a b l e  Doppler 
s h i f t  ( l e s s  than 10 Hz), i n d i c a t i n g  t h a t  a t  t h i s  po in t  t he  p ro jec t ion  of 
t h e  r e f r a c t i v e  index along t h e  v e l o c i t y  of t h e  s a t e l l i t e  was less than 
- 50. Note t h a t  as  t h e  s i g n a l  frequency i s  lowered, t h e  l a t i t u d e  a t  
which a given Doppler s h i f t  is  observed inc reases ,  i n  agreement w i t h  the  
c a l c u l a t i o n s  p l o t t e d  i n  Figure 15. T h i s  example (Figure 16) i l l u s t r a t e s  
t h e  confinement of PR mode-signals t o  a narrow range of l a t i t u d e s ,  and 
t h e i r  r e l a t i v e l y  high amplitudes.  
A q u a n t i t a t i v e  comparison between t h e  Doppler s h i f t  ca l cu la t ed  by 
r a y  t r a c i n g  and t h e  observa t ions  i s  not  given here ,  f o r  reasons explained 
i n  a l a t e r  s e c t i o n  on models of the e a r t h ' s  magnetic f i e l d .  
D DISCUSSION 
1. E a r t h ' s  Magnetic F ie ld  Model 
Up t o  now rays  have been t raced  i n  a two dimensional magneto- 
sphere  where t h e  e a r t h ' s  magnetic f i e l d  is represented by a centered 
d i p o l e .  By t r a c i n g  f i e l d  l i n e s  i n  a magnetic f i e l d  mode given by Cain 
et a l . ,  [19681 it has been found t h a t  t h i s  f i e l d  i s  wel l  represented by 
a centered  d i p o l e  i n  the  range of L values  considered he re  and near  the  
longiqtudes of Rosman ( - 97 W ) ,  but no t  near  t h e  longi tudes of Johannes- 
burg ( - 41 E ) ,  where the  magnetic f i e l d  l i n e s  a r e  asymmetric. Under 
0 
0 
t hese  cond i t ions ,  i t  is not  c l e a r  how to  compare t h e  results of r ay  
t r a c i n g s  performed i n  a d i p o l e  f i e l d  wi th  observa t ions  near Johannesburg. 
A three-dimensional r ay  t r a c i n g  i n  a magnetic f i e l d  represented by a 
harmonic expansion [Cain e t  a l . ,  19681 was the re fo re  developed [Walter, 
19691 and used f o r  a c l o s e r  comparison wi th  the  d a t a ,  using geographic 
coord ina tes  e 
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Doppler s h i f t  r e s u l t s  from t h e  c a l c u l a t i o n s  using t h e  two- 
dimensional ( d i p o l e  f i e l d )  and t h e  three-dimensional r a y  t r a c i n g s  [Cain 
e t  a l . ,  19681 were compared f o r  l ong i tudes  near  Johannesburg ( - 41 E). 
I t  w a s  found t h a t  t h e  l a t i t u d e  a t  which a g iven  Doppler s h i f t  (of 
- 100 Hz a t  10 kHz) should be observed i s  about 
r e p r e s e n t a t i o n .  Considering t h a t  t h e  c h a r a c t e r i s t i c s  of s i g n a l s  propa- 
g a t i n g  i n  t h e  PR mode change very r a p i d l y  wi th  l a t i t u d e  (note  i n  Figure 3 
t h e  change i n  t h e  s p e c t r a  of WT w h i s t l e r s  observed i n  a range of 1.5 
i n  l a t i t u d e ) ,  one sees t h a t  a d i screpancy  of lo is  too  l a r g e .  A s  
p r e d i c t e d ,  t h e  magnetic f i e l d  model has a f i r s t  o r d e r  e f f e c t  on t h e  PR 
mode of propagation and it  is  of l i t t l e  va lue  t o  f i t  t h e  d a t a  by changing 
d e n s i t y  models on ly .  
0 
lo lower f o r  t h e  d i p o l e  
0 
2. The E lec t ron  Density Model 
The e l e c t r o n  d e n s i t y  model used i n  t h e  c a l c u l a t i o n s  of F igure  12 
was developed on t h e  b a s i s  of s e v e r a l  independent sources  of information. 
These included: 1 )  a va lue  of e q u a t o r i a l  e l e c t r o n  d e n s i t y  (shown a s  a 
d o t  a t  L = 3.7 i n  F igure  6) deduced from a w h i s t l e r  rece ived  a t  t h e  
s a t e l l i t e  w i t h i n  two minutes of t h e  obse rva t ions  i l l u s t r a t e d  i n  F igure  3a ;  
and 2 )  an e s t i m a t e  of a maximum LHR frequency above t h e  s a t e l l i t e  of 
7.4 kWz from t h e  lower cu to f f  frequency of t h e  WT w h i s t l e r  of F igure  3 a .  
Success ive  approximations w i t h i n  t h e  c o n s t r a i n t s  of t h i s  evidence l e d  t o  
t h e  d i f f u s i v e  equ i l ib r ium model descr ibed  e a r l i e r  and summarized ( i n  
terms of e l e c t r o n  d e n s i t y )  i n  F igure  6 .  
Another b i t  of evidence obtained s i n c e  t h e  c a l c u l a t i o n s  were 
made sugges t s  t h a t  t h e  model is r e p r e s e n t a t i v e  of a c t u a l  cond i t ions  
p r e v a i l i n g  i n  t h e  magnetosphere a t  t h e  t i m e .  This evidence, k indly  
provided by L .  Col in  of t h e  NASA/Ames Research Cgnter,  Moffett  F i e l d ,  
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C a l i f o r n i a ,  involves  Alouette-2 tops ide  sounder da t a  obtained wi th in  
40 minutes and 30° longi tude  of t he  OGO-4 pass i n  ques t ion .  The 
a n a l y s i s  showed an e l e c t r o n  d e n s i t y  of 7,500 e l  cm a t  LOO0 km and 
l a t i t u d e  
-3 
45O, i n  c l o s e  agreement wi th  t h e  model used. 
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I V .  RAY-TRACING EQUATIONS 
A o INTRODUCTION 
Haselgrove C19541 der ived  t h e  t h r e e  dimensional r a y  equat ions based 
on Fermat 's  p r i n c i p l e .  Those same equat ions  were a l s o  der ived by Budden 
E19611 using t h e  e i k o n a l  concept .  The r ay  equat ions are der ived here  
f o r  t h e  c a s e  of a two-dimensional geometry. When t h e  parameters of t h e  
medium a r e  known, t h a t  is t h e  d e n s i t y  and t h e  s t a t i c  magnetic f i e l d  
v e c t o r  a r e  known a t  each p o i n t ,  on ly  a c losed  se t  of t h r e e  d i f f e r e n t i a l  
equat ions  i s  necessary t o  determine t h e  p o s i t i o n  of t h e  wave packet ,  
t h a t  is ,  t o  f i n d  t h e  r a y  pa th .  
v a r i a t i o n  of t h e  c o o r d i n a t e s ,  p l u s  t h e  t i m e  v a r i a t i o n  of an angle  t h a t  
g i v e s  t h e  wave normal d i r e c t i o n .  
These d i f f e r e n t i a l  equat ions  a r e  t h e  t i m e  
B, TWO-DIMENSIONAL RAY EQUATIONS 
To f i n d  t h e s e  equat ions two hypotheses a r e  made w i t h  r e s p e c t  t o  t h e  
phase ref ' ract ive index i n  t h e  range of f requencies  of i n t e r e s t .  
f i r s t  requirement i s  t h a t  t h e  medium must no t  present  an anomalous phase 
r e f r a c t i v e  index. This  i s  necessary i n  order  f o r  t h e  concept of group 
v e l o c i t y  t o  be a p p l i c a b l e .  The second assumption is t h a t  t h e  medium is 
s l o w l y , v a r y i n g ,  or t h a t  t h e  WKB s o l u t i o n  i s  v a l i d  (see f o r  i n s t a n c e  
Budden [19611). 
The 
Based on t h e  concept of group v e l o c i t y ,  t h e  t i m e  v a r i a t i o n  of t h e  
coord ina tes  of a wave packet i n  a C a r t e s i a n  system is  der ived a s  fo l lows .  
Supposing a wave packet moving frbm A t o  B (Figure 1 7 ) ,  t h e  following 
d i f f e r e n t i a l  equat ions  can be w r i t t e n :  
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X 
Figure 17. Wave packet moving from A t o  B. An 
elemental  l eng th  on the  r ay  pa th  is  d s ,  
and f! is  t h e  angle  of t h e  energy 
d i r e c t i o n  wi th  the  y a x i s .  
/ 
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and 
9 = C O S B  ds 
where x and y a r e  t h e  coord ina te s  of t h e  wave packet ,  s i s  t h e  
l eng th  measured along t h e  r a y  pa th  and $ is  t h e  angle  between t h e  y- 
a x i s  and t h e  r ay  path. Denoting by t t h e  t i m e  f o r  t h e  wave packet t o  
move from A t o  B and V as the  ray group ve loc i ty ,  t h e  above 
g 
g r  
equat ions  may be w r i t t e n  i n  t h e  fo l lowing  form: 
and 
s i n c e  
- ds = V  . 
d t  g r  g 
The group r a y  v e l o c i t y  is given by: 
where V i s  t h e  group v e l o c i t y  ( i n  t h e  wave normal d i r e c t i o n )  
g 
def ined  as: 
C v = -  
% 
the  group r e f r a c t i v e  index 'J9 where ' c is t h e  v e l o c i t y  i n  a vacuum and 
def ined  as: 
The  ang le  c1 measured i n  a clock-wise sense  f r o m  the  wave normal t o  the  
r ay  energy d i r e c t i o n ,  expressed as: 
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w i t h  $ as  the angle  measured clockwise from t h e  s t a t i c  magnetic f i e l d  
t o  t h e  wave normal vec to r .  
The angle  f3 may be expressed as (see Figure  18):  
where r$ i s  the angle  between the y-axis and the wave normal. The 
angle  JI may be expressed a s  a f u n c t i o n  of d, and y ( t h e  angle  
between the  y-axis  and t h e  magnetic f i e l d ,  see Figure 18). 
To have a c losed  set of d i f f e r e n t i a l  equat ions  t h e  t i m e  v a r i a t i o n  
of @ w i l l  be found. 
Taking t h e  wave f r o n t  t h a t  r e p r e s e n t s  t h e  p r i n c i p a l  wave a t  two 
d i f f e r e n t  phase t i m e s , t h e  way i n  which @ evolves  wi th  t i m e  is given 
by : 
where 
wave f r o n t ,  and t h e r e f o r e  t h e  d i r e c t i o n  of wave normal i s  maintained 
cons t an t  ($I = c o n s t a n t ) .  
& / & I @  is  the v a r i a t i o n  of t h e  phase r e f r a c t i v e  index on the  
The phase r e f r a c t i v e  index as a f u n c t i o n  of 
t h e  p o s i t i o n  ( x , y )  and of t h e  angle  r$ w i th  t h e  y-axis ,  resu l t s  i n :  
and t h e r e f o r e  Eq. ( 9 )  may be w r i t t e n  as: 
- $ s i n @  (11) 
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X 
Figure 18. Origin of t h e  angles  i s  shown. The angles  
a r e  p o s i t i v e  i n  t h e  clockwise Sirect ion;  
The wave normal d i r e c t i o n  is  k ,  and B 0 
is  t h e  s t a t i c  magnetic f i e l d .  
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Taking now a s  a n  independent v a r i a b l e  the phase time, t ,  and knowing t h a t  
Eqs, (2) and (3) may be w r i t t e n  i n  t h e  fol lowing way: 
C - s i n @  dx d t  II. cosa  - -  
and 
(13b 1 C cos@ dY d t  cosa  - =  
Equat ions (ll), (13a) and (13b) form a se t  of d i f f e r e n t i a l  equat ions  
s u i t a b l e  f o r  s o l v i n g  i n  a d i g i t a l  computer. 
The d e n s i t i e s  and the  magnetic f i e l d  a r e  i n  gene ra l  expressed i n  
terms of p o l a r  coord ina te s  and, t he re fo re ,  i t  is convenient t o  express  
t h e  equat ions  above, Eq. (11) and Eqs. (13a-b) i n  t h i s  same system of 
coord ina tes .  
Equat ions governing t h e  p o s i t i o n  of the  r a y  path i n  p o l a r  coord ina tes  
a r e  e a s i l y  obta ined  ( see  F igure  19): 
d r  - = v  cosp 
d t  g r  g 
Taking t h e  phase t i m e  as t h e  independent v a r i a b l e  and using t h e  r e l a t i o n ,  
Eq. (12),  t h e  above equat ions  may be  w r i t t e n  i n  t h e  fo l lowing  way: 
C - COSS d r  d t  11 C O S ~  - -  
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X 
Figure 19. The po la r  coord ina tes  of a po in t  A on 
the  r ay  pa th  a r e  0 and r ,  d s  is the  
elemental  l ength  on t h e  ray  pa th ,  and @ 
i s  t h e  angle  between the r a d i a l  and t h e  
energy d i r e c t i o n .  
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and 
dd, 
d t  
C 
s i n s  . (15b) de  d t  r p cosa - =  
s i n 6  - ; 
Using 6 a s  t h e  angle  between t h e  wave normal and t h e  r a d i a l  vec to r ,  
t h e  fo l lowing  r e l a t i o n s  may be w r i t t e n :  
and 
- - - -  - d e  + 9 d 6  
d t  d t  d t  
where de /d t  i s  g iven  by Eq. (15b) ,  and d@/dt is 
, 
or 
(17) 
(19) 
Therefore ,  
a- _ - -  s i n s  - 5 (sinG+tanacosS) (20) C d6 d t  
iJ. 
Now w r i t i n g  t h e  phase r e f r a c t i v e  index as a f u n c t i o n  of r, 
and 
56 - 
8, and 6 :  
(21) 
Because 
and 
Theref o r e  : 
In Appendix D i t  is shown t h a t  Eqs. (15a-b) and (23) a r e  equiva len t  
t o  t h e  ones der ived  by Haselgrove C19541. 
A s e t  of d i f f e r e n t i a l  equat ions  i n  p o l a r  coord ina te s  f o r  t h e  ray- 
t r a c i n g  problem was obta ined .  To so lve  t h e s e  equat ions  i t  i s  necessary  
t o  assume a phase r e f r a c t i v e  index, which i s  c a r r i e d  o u t  i n  t h e  next 
sec t ion .  
C . EQUATIONS NECESSARY FOR A TWO-DIMENSIONAL RAY-TRACING PROGRAM 
The two-dimensional r ay - t r ac ing  equat ions  i n  po la r  coord ina te s  
a r e  : 
(24) (379)* d r  c - = - (cos6 - t a m  s i n b )  
d t  u 
s in6 d6 
d t  r 
- -  (26) (381) 
* 
The second number corresponds t o  t h e  left-most number on t h e  l i s t i n g  
o f  t h e  program (Appendix A ) .  
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where 
r and 8 - po la r  coord ina te s  of t h e  ray  pa th ,  
p. - phase r e f r a c t i v e  index, 
t - phase t i m e  of t h e  p r i n c i p a l  wave, 
a - angle  between the  wave normal and t h e  energy, 
6 - angle  between t h e  r a d i a l  vec to r  and the  wave normal. 
The d i f f e r e n t i a l  equat ion  t h a t  governs t h e  group de lay  t i m e  t 
g 
i s  
is the group r e f r a c t i v e  index. 
I-lg 
where 
To s o l v e  t h e  s e t  of Eqs. (24) t o  (271, it i s  necessary t o  have the  
phase r e f r a c t i v e  index a s  w e l l  a s  i t s  p a r t i a l  d e r i v a t i v e s  wi th  r e s p e c t  
t o  r ,  8 and $, and t h e  group r e f r a c t i v e  index. 
Assuming the  cold plasma approximation t h e  phase r e f r a c t i v e  index 
is g iven  by t h e  equat ion  (see S t i x  119621): 
4 2 
Ap. - B p  + C = O ,  
with  s o l u t i o n s  g iven  by 
2 B F  
p. = z 9  (29) 
where 
(30) (252) 
(31) (253 1 
(32) (254) 
(33 1 
2 2 
A = S s i n $ + P c o s $ ,  
B = RL s i n  I# + PS (1 + COS v )  , 
C = PRL , 
F 
2 2 
2 = B2 - 4AC , 
I) = angle  between t h e  wave normal and t h e  s t a t i c  magnetic f i e l d  vec to r ,  
- 58 - 
1 
2 S = - ( R + L ) ,  
1 
2 D = - ( R - L ) ,  
1 Cxil+Y R = l -  
i i 
P = l -  CYi , 
i 
2 
x . * =  1 f+) 
f = t h e  plasma frequency 
f = t h e  wave frequency, 
o i  
f H i  Y. = - 
1 f 1  
0 
eieB 
m 
= -(gyrofrequency 
i 
f H i  
of 
of 
= t h e  s i g n a l  of t h e  charge  
‘i 
t h e  i th ions  
t h e  i th i on ) ,  
of t he  i t h  ion  , 
e = a p o s i t i v e  number equa l  t o  t h e  e l e c t r o n  charge,  
B = t h e  s t a t i c  magnetic f i e l d  of t h e  medium, 
m = t h e  mass of t he  i th ion .  
0 
i 
<The p o s s i b l e  p o s i t i v e  s o l u t i o n s  f o r  Eq. (28 ) ,  i n  t h e  case of a fou r  
-b + -+ 
component plasma ( e l e c t r o n s ,  protons [H 1, helium [He 1 and oxygen [O 1 
i o n s ) ,  l i e  i n  t h e  shaded a rea  shown i n  F igure  20a where is p lo t t ed  
a g a i n s t  wave frequency.  In t h i s  f i g u r e  only t h e  s o l u t i o n s  of a r e  
shown f o r  f r equenc ie s  below t h e  e l e c t r o n  gyrofrequency. In Figure 20b 
only t h e  reg ion  for which Figure  20a is modified is shown f o r  t he  case  
i n  which t h e  plasma frequency i s  below t h e  e l e c t r o n  gyrofrequency. 
u2 
2 
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In t h i s  f i g u r e  
f H  + 
+ - t h e  0 gyrofrequency, 
0 
- t h e  mul t ip le - ion  resonance frequency, 
fR2 
- the mul t ip le - ion  cu to f f  frequency, 
I C 1  
- the c r o s s  over frequency, * co1 
+ - the He gyrofrequency, 
- t h e  mul t ip le - ion  resonance frequency, f R l  
- t h e  mul t ip le - ion  cu to f f  frequency, IC2 
- the c r o s s  over f requency ,  c02 
- t h e  H' gyrofrequency, f"H+ 
- t h e  lower hybrid resonance, 
fLHR 
- t h e  e l e c t r o n  gyrofrequency , He- 
*Z 
f 
P 
- t h e  Z frequency, 
- t he  plasma frequency. 
The 
Eq. (28 ) .  
etters L, R,  e and P s t and  f o r  p a r t i c u l a r  s o l u t '  of 
In  t he  c a s e  where JI i s  equa l  t o  Oo or 180° (wave normal 
p a r a l l e l  to the  s t a t i c  magnetic f i e l d ) ,  Eq.  (28) has two s o l u t i o n s  
(p2 = R, L ) .  
f o r  example, S t i x  [1962]),-one being r i g h t  handed po la r i zed  (R) and the  
o t h e r  one being l e f t  handed po la r i eed  ( L ) .  I n  the c a s e  where Q I S  
The s o l u t i o n s  r e p r e s e n t  c i r c u l a r l y  polar ized  waves (see 
equa l  t o  90° 
t h e  two s o l u t i o n s  of E q .  (28) r ep resen t  waves which propagate wi’th t h e  
e l e c t r i c  f i e l d  vec to r  p a r a l l e l  t o  t h e  s t a t i c  magnetic f i e l d  (v = P) or 
w i t h  t h e  e lec t r ic  f i e l d  vec to r  perpendicular  t o  t h e  s t a t i c  magnetic 
( - f i e l d  . L  - 
(P) s i n c e  they only propagate above t h e  plasma frequency, and ex t r a -  
o rd ina ry  waves ( e ) ,  s i n c e  they a r e  t h e  ones a r i s i n g  from t h e  anisotropy 
of t h e  medium, 
(wave normal perpendicular  t o  t he  s t a t i c  magnetic f i e l d )  
2 
e) . These waves are commonly c a l l e d  plasma waves S 
Here, a t t e n t i o n  is focused only  i n t o  the  r eg ion  of propagation 
ind ica t ed  by numbers 3 and 4 i n  F igure  20a-b. The shaded a r e a  ind ica ted  
by number 3 is r e f e r r e d  t o  a s  t h e  pro ton  w h i s t l e r  mode, and r eg ion  4 is 
c a l l e d  the  e l e c t r o n  w h i s t l e r  mode of propagat ion .  An a lgor i thm t o  f i n d  
t h e  root corresponding t o  t h e  mode of propagat ion  s p e c i f i e d  is  discussed 
i n  conjunct ion  w i t h  t h e  d e s c r i p t i o n  of t h e  r ay - t r ac ing  program. 
From E q .  (28) the  d e r i v a t i v e s  a p / a j  ( j = r , 9 )  can be found. 
&/a j  is  g iven  by 
Again, from Eg. (28) ,  t h e  fo l lowing  express ions  may be w r i t t e n :  
and 
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1 
$ = - x i  1 
(1 - Yi) 2 
and 
aP 
T = O '  
1 
(56) (353 
(57) (354 1 
To c a l c u l a t e  & / a j ,  i t  i s  supposed t h a t  t h e  e a r t h ' s  magnetic f i e l d  
i s  given by a centered  d i p o l e .  Assuming a l so  t h a t  t h e  geomagnetic meridian 
plane l ies  i n  t h e  p lane  r - 0 ,  ai$/aj i s  c a l c u l a t e d  through t h e  expression 
For a centered d i p o l e  t h e  r e l a t i o n  between 71 ( t h e  complement of 
t h e  d i p  angle)  and t h e  c o - l a t i t u d e  8 is g iven  by: 
(59 )  
1 t a n (  = 5 tan0  
Theref ore 
and 
From 
i s  obtained 
ay 2 ae= 2 
3 cos 0 + 1 
(61) 
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where 
a A  q = s i n  2$ (S-P) , 
bB all, = s i n  241 (RL-PS) , 
and 
ac 
T = O  * 
The r e l a t i o n  t h a t  g ives  &,/a$ is der ived  from E q .  ( 2 8 ) :  
(64) ( 3 2 8 )  
(65) (329) 
(66) ( 3 3 0 )  
To eva lua te  bX./'aj it i s  necessary  t o  assume a model for t h e  
1 
i o n i z a t i o n  d i s t r i b u t i o n .  The d i f f u s i v e  equi l ibr ium model g iven  by 
Angerami and Thomas L19641 is  assumed here. 
For this '  model t h e  e l e c t r o n  d e n s i t y ,  n is given by D e  
where z i s  t h e  g e o p o t e n t i a l  he igh t  
z = r  (I->), 
r i s  t h e  r e f e r e n c e  geocen t r i c  d i s t a n c e  a t  which t h e  e l e c t r o n  d e n s i t y  
a r e  s p e c i f i e d .  The s c a l e  he ight  of n 
b 
eb '  'ib and t h e  ion  percentage 
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t h e  i t h  ion  i s  Hi, g iven  by 
kT H .  = - ,  
1 migb 
g b  is  t h e  g r a v i t y  a c c e l e r a t i o n  a t  r k is  t h e  Boltzmann 
b’ 
where 
cons t an t  and T i s  t h e  temperature i n  Kelvins.  
The e lectron and ion d e n s i t i e s  can be w r i t t e n  as 
(69) (414) 
1; 2 
n ( z ) = n  Q , D e  e b  
and 
where 
-z/Hi 
Q = aib e 
i 
U$ing the  previous  equat ions  t h e  fo l lowing  express ions  may be 
w r i t  t e n  : 
and 
where 
(70) (431) 
(72) (426) 
and 
2 
$ =  (2) (76) (430) 
I n  t h i s  model we suppose t h a t  the d e n s i t i e s  a t  t h e  r e f e r e n c e  l e v e l ,  and 
s c a l e  heights a r e  n o t  func t ions  of l a t i t u d e ,  t h e r e f o r e  
and 
D i  an - 1 x = o .  n 
D i  
(77) (433) 
(78) (438 1 
To c a l c u l a t e  aYi/aj ( j=r ,Q) ,  i t  is necessary  t o  know t h e  e l e c t r o n  
gyrofrequency a s  a f u n c t i o n  ,of r and 8. The e l e c t r o n  gyrofrequency 
f o r  a centered  d i p o l e  is g iven  by: 
where 
0 
= t h e  e l e c t r o n  gyrofrequency a t  t h e  d i p o l e  equator  ( 0  = 90 3 
f H e  
and a t  t h e  ear th ' s  s u r f a c e ,  and r = e a r t h  rad i i .  Therefore  E 
1 aYi  3 
y F=-- r '  
i 
and 
s i n 0  cos8 ayk 
2 3 
1 
(1 + 3 cos e )  u.ae=- 1 
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The expressions giving sink and cosg  are 
0 0  
siny = sin6 Yor - cos6 Y (82) (227 
and 
where 
B 
2 case - - r  __ 
2 1 /2  (1 + 3 cos e )  Yor - B - 
(84) (205 
and 
The group refractive index ( . A  ) is calculated using the relation 
g 
where &/af i s  obtained from Eq. ( 2 8 ) :  
where 
a A  as 2 ap  2 
a.f = af sin i + cos JI , (88) (374) 
2 = (  L $ + R g) sin2$ + (S + P ”) ( l + c o s 2 j  (89)(375) 
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(2  + Y . )  
a nd 
Now t h a t  a l l  t h e  equat ions  needed t o  s o l v e  the d i f f e r e n t i a l  
equa t ions ,  Eqs. (24)  t o  (27), have been developed, a program for a d i g i t a l  
computer t o  s o l v e  them w i l l  be desc r ibed  i n  the next  s e c t i o n .  
D .  DESCRIPTION OF THE PROGRAM 
The program descr ibed  here is w r i t t e n  i n  FORTRAN I V  l e v e l  H f o r  an 
IBM 360/67. 
r o u t i n e s .  The l i s t i n g  of t he  program is g iven  i n  Appendix A .  
The program is composed of a MAIN program and f o u r  sub- 
'1. Desc r ip t ion  of t h e  MAIN Program 
In t h e  MAIN program va lues  of t h e  parameters t o  s t a r t  t h e  
i n t e g r a t i o n  of t h e  r ay  t r a c i n g  d i f f e r e n t i a l  equat ions  a r e  o r i g i n a t e d .  
Some v a r i a b l e s  which a r e  used throughout t h e  program a r e  a l s o  i n i t i a l i z e d  
here and t r a n s f e r e d  t o  o t h e r  sub rou t ines  through the common s ta tement  
(#2). A l ist  of some cons tan t s  t h a t  appear i n  t h e  M A I N  program is given 
b e l o w  : 
RO - e a r t h ' s  r a d i u s  i n  k i lome te r s ,  
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MASS - proton  t o  e l e c t r o n  mass r a t i o ,  
RADGRA - f a c t o r  t o  conver t  angles  from r a d i a n s  t o  degrees ,  
GRARAD - f a c t o r  t o  conver t  angles  from degrees t o  r ad ians ,  
N - number of d i f f e r e n t i a l  equa t ions .  
The parameters t h a t  a r e  read i n  a r e  descr ibed  below. 
The f i r s t  parameters t o  be read i n  a r e  t h e  wave frequency (FKC), i n  
k i l o H e r t z ,  an i n t e g e r  t h a t  s p e c i f i e s  t h e  mode of propagation (MODE), 
and a l o g i c a l  parameter (OPTION) t h a t  i n d i c a t e s  t h e  angle  g iven  f o r  t h e  
d i r e c t i o n  of t h e  wave normal. The parameter MODE may assume two va lues  
which a r e  t h e  i n t e g e r  1 f o r  t h e  pro ton  w h i s t l e r  mode (corresponding t o  
propagation i n  r eg ion  3 of F igu re  ZOa), and t h e  in t ege r  2 f o r  t h e  e l e c t r o n  
w h i s t l e r  mode ( r eg ion  4 i n  F igure  20a) .  There a r e  two p o s s i b l e  ways t o  
s p e c i f y  t h e  wave normal d i r e c t i o n ,  one is  t o  g i v e  i t s  angle  wi th  t h e  
r a d i a l  vec to r  (OPTION = TRUE), and t h e  o t h e r  i s  t o  s p e c i f y  t h e  d i r e c t i o n  
wi th  r e s p e c t  t o  t h e  geomagnetic f i e l d  (OPTION = FALSE). In  Appendix B 
a l i s t i n g  i s  g iven  of input  ca rds  i n  t h e  sequence they a r e  read  i n .  
(See t h i s  appendix f o r  one example of a card wi th  t h e  parameters FKC, 
MODE and OPTION (card  #l).) 
The second set of parameters t o  be read i n  a r e  t h e  i n i t i a l  
cond i t ions  of t h e  s t a r t i n g  p o i n t .  t h e  he igh t  i n  k i lometers  
(HEIGHT); t h e  l a t i t u d e  i n  degrees ( U T ) ;  t h e  ang le ,  i n  degrees ,  between 
t h e  v e r t i c a l  and t h e  wave normal v e c t o r  (DELTA); and the  angle ,  i n  
degrees ,  between t h e  wave normal and t h e  v e r t i c a l  (PSI) which is  only 
These a r e :  
* 
given  when OPTION is FALSE. These a r e  t h e  parameters t h a t  c o n s t i t u t e  
t h e  second card which i s  shown i n  Appendix B (card sf.2). 
* 
The o r i g i n  o f  t h e  angles  and t h e  sense i n  which they a r e  measured is 
shown i n  F igure  21. 
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Y 
Figure 21. Or ig in  of angles  i n  p o l a r  coord ina tes  
is shown. The angles  a r e  p o s i t i v e  i n  
t h e  clockwise d i r e c t i o n .  
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The nex t  s e t  of parameters t o  be read i n  a r e  t h e  ones used i n  
t h e  i n t e g r a t i o n  procedure ( sub rou t ine  ADAMS). They a r e :  t h e  l o g i c a l  
parameter SKIP which i n d i c a t e s  whether t h e  e r r o r  check i n  sub rou t ine  
ADAMS is t o  be skipped (SKIP = *TRUE.) or n o t ;  t h e  upper bound i n  t h e  
a b s o l u t e  e r r o r  (ABSB); t h e  upper bound i n  t h e  r e l a t i v e  e r r o r  (RELB); an 
i n t e g e r  (KOUNT) i n d i c a t i n g  t h e  number of increments i n  t h e  independent 
v a r i a b l e ,  t h a t  must be done be fo re  new r e s u l t s  a r e  p r in t ed  o u t ;  and t h e  
i n i t i a l  increment of t h e  independent v a r i a b l e  ( H M ) .  An example of t h i s  
card is shown i n  Appendix B (card #3 ) .  These inpu t  parameters a r e  p a r t  
of t h e  heading of t h e  ou tpu t  l i s t i n g  ( s e e  Appendix C). 
In  o r d e r  f o r  t h e  i n i t i a l  increment t o  s t a y  t h e  same f o r  every new 
wave frequency, when t h e  parameters of t h e  medium a r e  kept t h e  same, t h e  
parameter HM i s  d iv ided  by t h e  square  r o o t  of t h e  wave frequency. I t  
w i l l  be t h i s  parameter t h a t  w i l l  be used as  t h e  i n i t i a l  increment i n  the  
ADAMS subrou t ine  and w i l l  be p r i n t e d  on t h e  heading of t h e  output  l i s t i n g  
( s e e  Appendix C). 
2. DescriDtion of t h e  Subrout ine  ADAMS 
This  sub rou t ine  i s  n o t  d i scussed  i n  d e t a i l  he re  s i n c e  it w a s  
based on a procedure w r i t t e n  i n  SUBALGOL f o r  t h e  IBM 7090 a t  t h e  Stanford 
Univers i ty  Campus F a c i l i t y  c19651. This procedure so lves  a system of N 
f i r s t  o r d e r  d i f f e r e n t i a l  equa t ions ,  us ing  a f o u r t h  o r d e r  ADAMS pred ic to r -  
c o r r e c t o r  method where t h e  s t a r t i n g  va lues  a r e  generated by a f o u r t h  
o r d e r  Runge-Kutta method. A d i s c u s s i o n  of t h i s  method is presented by 
Hildebrand C19561. 
3 .  Descr ip t ion  of Subroutine FUNCT 
The inpu t  parameters f o r  t h i s  sub rou t ine  a r e :  t h e  independent 
v a r i a b l e  (T);  t h e  dependent v a r i a b l e s  which a r e  1) t h e  geocen t r i c  
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d i s t a n c e  ( P ( l , J ) ) ,  2 )  t h e  c o l a t i t u d e  ( P ( 2 , J ) ) ,  3 )  t h e  ang le  between 
t h e  v e r t i c a l  and t h e  wave normal ( P ( 3 , J ) ) ;  and an i n t e g e r  v a r i a b l e  ( J )  
which i d e n t i f i e s  t h e  s t e p  i n  t h e  ADAMS subrou t ine  i n  which t h e  subrout ine  
FUNCT w a s  c a l l e d .  The output  parameters (DZDT) a r e  t h e  f i r s t  d e r i v a t i v e s  
of t h e  dependent v a r i a b l e s  wi th  r e s p e c t  t o  t h e  independent v a r i a b l e .  
The equ iva len t  e l e c t r o n  gyrofrequency on t h e  e a r t h ' s  s u r f a c e ,  
a t  t h e  magnetic equator  is read i n  t h i s  sub rou t ine  ( s e e  Appendix B-- 
card  #4) .  
The s o l u t i o n  of Eq. (28) is  g iven  by t h e  s t a t emen t s  from 4257 
t o  a286. Now t h e  s o l u t i o n s  of Eq. (28) may be w r i t t e n  i n  two equiva len t  
forms : 
and 
o r  
a nd 
2 B+F - -  
'1 - 2A 
2 2c - -  
'2 - B+F ' 
2 B-F - -  
'1 - 2A 
2 2c - -  
'2 - B-F * 
(95) (274)* 
(97) (268) 
(98) (283) 
The f i r s t  se t  i s  p r e f e r r e d  when B i s  p o s i t i v e .  The parameter F may 
a l s o  be expressed i n  two d i f f e r e n t  forms: 
or 
2 2 4  2 2 (100)(260) F = (RL-PS) s i n  w + 4(PD) cos @ . 
* 
The second number corresponds t o  t h e  le f t -most  number on t h e  l i s t i n g  of 
t h e  program (Appendix A ) .  
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The f i r s t  form is  p r e f e r r e d  when AC is negat ive .  The s i g n  
of AC g ives  t h e  number of t h e  p o s i t i v e  r o o t s  of Eq. (28) and t h e r e f o r e  
t h e  p o s s i b l e  number of modes of propagat ion .  The va lue  1 or 2 depending 
on t h e  p o s s i b l e  number of modes of propagation w i l l  be g iven  t o  a v a r i a b l e  
(#258 or $261). I f  it i s  d e s i r e d  t h i s  parameter may be p r i n t e d  o u t .  
An a lgor i thm w a s  w r i t t e n  t o  choose t h e  c o r r e c t  s o l u t i o n  f o r  
Eq. (281, once t h e  mode of propagat ion  was s p e c i f i e d  ($263 t o  #k305). 
Only for t h e  e l e c t r o n  w h i s t l e r  mode ( reg ion  4 i n  F igure  20a-b) w i l l  
t h i s  a lgor i thm be expla ined .  
To choose t h e  r i g h t  s o l u t i o n  of Eq. (28) f o r  a given mode, an 
a lgor i thm was w r i t t e n  based on t h e  concept t h a t  two or t h r e e  reg ions  
depending on whether t h e  Z frequency i s  g r e a t e r  or smaller than  t h e  
e l e c t r o n  gyrofrequency, may be d i s t i n g u i s h e d  by t h e  s i g n  of C(=PRL) and 
t h e  number of p o s s i b l e  p o s i t i v e  s o l u t i o n s .  For i n s t a n c e  focus ing  t h e  
a t t e n t i o n  on r eg ion  4 of F igure  20a t h e  parameter C may be p o s i t i v e  
( i n  t h e  case  t h a t  t h e  wave frequency is above t h e  proton gyrofrequency) 
or n e g a t i v e ,  ( i n  t h e  case t h a t  t h e  wave frequency is  between t h e  ion  
cu to f f  and pro ton  gyrofrequency).  I f  t h e  wave frequency is  above t h e  
pro ton  gyrofrequency t h e  s i g n  of C must be p o s i t i v e  (F igure  20a).  
I f  i n  any s t e p  of i n t e g r a t i o n ,  C assumes a nega t ive  va lue  t h e  i n t e r v a l  
of i n t e g r a t i o n  g iven  i s  such t h a t  ( s e e  F igure  20a) ,  t h e  wave frequency 
i s  above t h e  e l e c t r o n  gyrofrequency (R has a nega t ive  va lue ) .  In t h e  
case where t h e  wave frequency is below t h e  pro ton  gyrofrequency, C 
must assume a n e g a t i v e  va lue .  Therefore  i n  t h e  c a s e  t h a t  C i s  p o s i t i v e ,  
a s t e p  i n  t h e  i n t e g r a t i o n  is g iven  such t h a t  t h e  wave frequency is  ly ing  
below t h e  ion  c u t o f f  frequency (F igure  20a).  In both cases  a message 
i s  g iven  (#303) and t h e  program r e t u r n s  t o  t h e  ADAMS subrou t ine  where 
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t he  i n t e r v a l  of i n t e g r a t i o n  is divided by fou r .  I t  i s  poss ib l e  t h a t  an 
increment i n  t h e  independent v a r i a b l e  is given i n  a way t h a t  A assumes 
a p o s i t i v e  va lue ,  a l thought  t h e  wave frequency i s  ly ing  between 
and fHe- (C is p o s i t i v e ) .  I n  t h i s  case  Eq. (28)  has two negat ive  
s o l u t i o n s .  Therefore  the  angle  ca l cu la t ed  i n  the  i n t e g r a t i o n  process 
i s  l a r g e r  than the  resonance angle .  Automatically a message is given 
c a l l i n g  a t t e n t i o n  to  t h i s  f a c t  (#299), and t h e  program r e t u r n s  t o  the  
ADAMS subrout ine  where the  i n t e r v a l  of i n t e g r a t i o n  is divided by f o u r .  
f HH+ 
4 .  Descr ip t ion  of the  Subrout ine DENS 
This  subrout ine  c a l c u l a t e s  t he  d e n s i t i e s  of t he  components of 
t h e  plasma based on t h e  d i f f u s i v e  equi l ibr ium model. The input  parameters 
a r e  t h e  geocen t r i c  d i s t a n c e  ( R )  and t h e  c o l a t i t u d e  (COLAT) of the  po in t  
of which the  d e n s i t i e s  a r e  r equ i r ed .  The output  parameters a r e  the  
e l e c t r o n  dens i ty  ( N D ( l ) ) ,  t he  H+ dens i ty  (ND(2)),  t he  He' dens i ty  
( N D ( 3 ) ) ,  t he  0' dens i ty  ( N D ( 4 ) ) ,  t he  ion composition (ALPHA(I)), and 
t h e  d e r i v a t i v e s  of t h e  logari thm of the  d e n s i t i e s  of t h e  components of 
t h e  plasma wi th  r e s p e c t  t o  t h e  r a d i a l  d i s t a n c e  (DLNDR(1))  and wi th  
r e s p e c t  t o  the c o l a t i t u d e  (DLNDT(1)) .  
The f i r s t  time t h i s  subrout ine  is c a l l e d  the  fol lowing parameters 
a r e  read i n :  t he  he ight  (HBASE) a t  which the  e l e c t r o n  dens i ty  and t h e  
ion composition a r e  s p e c i f i e d ;  t h e  e l e c t r o n  d e n s i t y  (NEO) and the  per-  
centage o f  t he  ions  (AWHAO(1)) a t  t h i s  he igh t ;  the  e l e c t r o n  temperature 
(THERM); t h e  number of plasma components (NUM); and an i n t e g e r  ( I M )  
spec i fy ing  whether helium i s  present  i n  t h e  model of i o n i z a t i o n  ( see  
Appendix B f o r  example). 
(see Appendix B--card # 5 ) .  
heading of t h e  output  l i s t i n g  (see Appendix C ) .  
These parameters a r e  punched on the f i f t h  card 
These parameters c o n s t i t u t e  p a r t  of t h e  
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5 .  Desc r ip t ion  of t h e  Subrout ine  ESC 
The output  of t h e  program is g iven  through t h e  sub rou t ine  ESC. 
T o  t r a n s f e r  parameters from the  subrou t ine  FUNCT t o  t h e  subrout ine  ESC 
t h e  common block s t a t emen t  /ESCF/ i s  used. These parameters must have 
a s u b s c r i p t  J i n  o r d e r  t o  be p r i n t e d  c o r r e c t l y .  
Four v a r i a b l e s  are read i n  t h i s  sub rou t ine  corresponding t o  the  
s i x t h  card (Appendix C--card $6). These v a r i a b l e s  a r e  NOUT and TGEND, 
NOUT w i l l  s p e c i f y  t h e  parameters wanted for ou tpu t .  When NOUT is equal  
t o  1 t h e  parameters t h a t  w i l l  be p r i n t e d  o u t  a r e  t he  ones s p e c i f i e d  
by s ta tement  #467. The o t h e r  p o s s i b l e  output  i s  t h e  one s p e c i f i e d  by 
NOUT = 2 and g iven  by s ta tement  # 489. 
NOUT = 2 is  g iven  i n  Appendix C. Below is g iven  a l i s t  of t h e  parameters 
of t h e  output  followed by t h e i r  meanings. 
Example of a heading when 
TG - group d e l a y  t i m e  i n  seconds,  
ALT - a l t i t u d e  of t he  r a y  pa th  i n  k i lome te r s ,  
LAT - l a t i t u d e  of the  r a y  pa th  i n  degrees ,  
INV - t h e  corresponding i n v a r i a n t  l a t i t u d e  i n  degrees, 
ELE - t h e  L(  = r / ( r  s i n  0 ) )  va lue ,  
GF - e l e c t r o n  gyrofrequency i n  k i loHer t z ,  
GFP - proton  gyrofrequency i n  k i l o s e r t z ,  
FLHR - LHR frequency i n  k i loHer t z ,  
FCO - t h e  ion cu to f f  frequency i n  k i loHer t z ,  
FOE - plasma frequency i n  k i loHer t z ,  
FC2  - a two i o n  resonance frequency i n  k i loHer t z ,  
MU - phase r e f r a c t i v e  index, 
BETA - t h e  angle ,  i n  degrees, between the  r a y  energy d i r e c t i o n  
2 
0 
and the  v e r t i c a l ,  
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DELTA - the angle ,  i n  degrees, between t h e  v e r t i c a l  and the  
wave normal, 
PSI - t h e  angle ,  i n  degrees ,  between the  s t a t i c  magnetic f i e l d  
and the wave normal, 
PSIR - t h e  angle ,  i n  degrees ,  of t h e  resonance angle ,  
d/oH' - percentage of t h e  hydrogen ion .  
The parameters TGEND, w i l l  spec i fy  i f  the ray  pa th  must cont inue 
or must s t o p .  The program w i l l  s t o p  i f  t h e  group de lay  t i m e  i s  g r e a t e r  
than  t h e  one s p e c i f i e d  by TGEND(3), or if the  he igh t  and t h e  c o l a t i t u d e  
of t h e  ray  pa th  a r e  g r e a t e r  than the ones s p e c i f i e d  by TGEND(1) and 
TGEND(2) (see s ta tement  #458). 
t he  output  by a message (e495). 
MAIN program to check i f  t h e r e  i s  a new set of cards t o  be read i n .  
The end of t h e  r ay  pa th  is  indica ted  i n  
The program then  r e t u r n s  back t o  the 
E. PHYSICAL INTERPRETATION OF THE RAY-PATH BEHAVIOR 
1. The Pi3 Mode 
P l o t t e d  i n  Figure 22a is t h e  r a y  pa th  from Appendix C. The 
.arrows along t h e  pa th  i n d i c a t e  the wave normal d i r e c t i o n .  The phase 
r e f r a c t i v e  index s u r f a c e  for the  po in t s  on the ray  p a t h  a r e  sketched' i n  
Figur'e 22b. To understand t h e  behavior of t h i s  r a y ,  Eq. (E.26) is 
w r i t t e n  
. 3 Y COSIII ff s i n 6  dw=- c f  
d t  p r  
- -  
2 Y cos$ - 1 '-2 --- 
where the  func t ions  fl' f 2 ,  fg and f 4  are given i n  Appendix E ,  
This  equat ion  is obtained under  t h e  hypotheses t h a t  t h e  wave frequency 
is above t h e  LIB frequency when t h e  wave normal is c l o s e  t o  the  resonance 
cone and t h a t  t h e  Q.L. approximation holds  throughout t h e  path.  The 
- 78 - 
P 
P 
a, 
.A 
m 
m 
n 
m 
@a cv 
- 79 - 
N 
-Y 
I 
0 - 
- 80 - 
r ay  p a t h  p l o t t e d  i n  F igure  22a s a t i s f i e s  t h e s e  hypotheses (see Appendix C ) .  
Therefore  Eq. ( E . 2 6 )  may be used t o  analyze t h e  ray  p l o t t e d  i n  F igure  22a. 
A t  p o i n t  1 t h e  wave normal i s  a t  t h e  v e r t i c a l  d i r e c t i o n  ( 6 ~ 0 )  
and only  t h e  t e r m  due t o  t h e  h o r i z o n t a l  component of t h e  magnetic f i e l d  
g r a d i e n t  ( f  is  d i f f e r e n t  from ze ro ,  caus ing  t h e  wave normal t o  move 
toward t h e  geomagnetic f i e l d .  I t  i s  noted ( s e e  F igure  21) t h a t  t h e  
ang le  4 is measured from t h e  geomagnetic f i e l d  t o  t h e  wave normal and 
is  p o s i t i v e  i n  t h e  clockwise d i r e c t i o n .  L e t  us  examine each of t h e  terms 
i n  t h e  equat ion  above. The f u n c t i o n  f l  i s  due t o  t h e  v e r t i c a l  g r a d i e n t  
of t h e  e l e c t r o n  d e n s i t y ,  which dec reases  wi th  he igh t  ( s e e  F igure  E-2). 
This g r a d i e n t  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  scale h e i g h t .  The scale 
he igh t  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  mean m a s s ,  which decreases  wi th  
h e i g h t .  Therefore  t h i s  f u n c t i o n  dec reases  w i t n  he igh t  no t  only because 
i t  is i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  geocen t r i c  d i s t a n c e ,  but a l s o  because 
3 
t h e  
w a s  
t h e  
scale  he igh t  increases w i t h  h e i g h t .  The f u n c t i o n  f l  (F igure  E-2) 
p l o t t e d  f o r  a s c a l e  he igh t  of 1000 km, which i s  a reasonable  va lue  f o r  
case of hydrogen only and t h e r e f o r e  a good assumption f o r  he igh t s  
above 2000 km. The va lue  f o r  f l J  from Figure  E-2, i s  approximately 
32 a t  500 km where 0' i s  t h e  dominant ion and about 1.6 a t  2000 km 
where ' H' is t h e  predominant i on .  
-1 
For smal l  $ t h e  t e r m  Y cosJr(Y cos~Jr - 1 )  i s ' approximate ly  
which equa l  t o  1. For t h e  case  of a centered  d i p o l e ,  t h e  f u n c t i o n  
is  p r o p o r t i o n a l  t o  t h e  v e r t i c a l  component of t h e  magnetic f i e l d  g r a d i e n t ,  
i s  equa l  t o  1. The f u n c t i o n  f 3  r e s u l t s  from t h e  v e r t i c a l  component 
of t h e  magnetic f i e l d  g r a d i e n t .  This  f u n c t i o n  is  odd ( see  F igure  E-3) 
and has a maximum va lue  equal  t o  0.25 a t  t h e  c o l a t i t u d e  of 6 3 . 5 ' .  
The l a s t  term ( f  ) con ta ins  t h e  v a r i a t i o n  of t h e  geomagnetic f i e l d  4 
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d i r e c t i o n .  The func t ion  f 4  is even w i t h  a maximum equal  t o  3.0 a t  
t h e  equator .  A t  low a l t i t u d e s  t h e  func t ion  f l  has l a r g e r  values  than 
f 4 ,  and f s i n 6  is s m a l l e r  than f cos6, causing the  angle  (I t o  
i n c r e a s e .  However f l  decreases  more r ap id ly  wi th  he ight  which makes 
w i nc rease  up t o  a po in t  where H" i s  the  predominant ion  (po in t  2 ) .  
2 3 
Then the  cu rva tu re  of t he  magnetic f i e l d  is t h e  main f a c t o r  governing 
t h e  behavior of $. The angle  1 decreases  toward t h e  value 
which i s  given by 
$mJ 
A t  po in t  3 ($  = 4 
f i e l d  and 
the  energy is  t r a v e l i n g  p a r a l l e l  t o  t h e  geomagnetic 
m 
= 2  Y cos$ 
Y cos$ - 1 
Now t h e  term conta in ing  f 2  is  of the  o rde r  of t h e  term f 4 .  The wave 
normal cont inues t o  move toward t h e  resonance cone, causing the  func t ion  
Y cos$/(Y cos1 - 1) 
w i t h  (Y cos$ - 1) and inc reases  very r a p i d l y  i n  t h i s  reg ion  a s  i t  is 
observed by t h e  va lues  found under the  column MU i n  Appendix C .  There 
is  a p o s i t i v e  feedback causing the angle  $ t o  move toward t h e  resonance 
t o  inc rease .  The phase r e f r a c t i v e  index a l s o  v a r i e s  
-1 
cone. Large g r a d i e n t s  of i o n i z a t i o n  a r e  necessary t o  t a k e  the  wave 
normal from t h i s  cond i t ion .  Therefore  t h i s  mode of propagat ion w i l l  be 
r e f e r r e d  t o  as  t h e  Pro-Resonance (PR) mode of propagat ion.  The s c a l e  
he igh t  necessary t o  make the angle  q 
reached i s  now c a l c u l a t e d .  For t h e  l a t i t u d e  of -4.0 from Appendix C 
i nc rease  once t h i s  condi t ion  is 
0 
it is ca l cu la t ed  
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Therefore  a va lue  f o r  f l  g r e a t e r  than 10 w i l l  be necessary  t o  make 
t h e  ang le  w i n c r e a s e .  This  va lue  of f l  corresponds t o  a s c a l e  he igh t  
f o r  H' less than  70 km which i s  an u n r e a l i s t i c  va lue .  
A f t e r  p o i n t  3 t h e  energy moves toward lower L s h e l l s  and t h e  
wave normal con t inues  t o  move toward t h e  resonance cone. S ince  t h e  
resonance ang le  i s  moving toward 90° t h e  energy which is perpendicular  
t o  t h e  phase r e f r a c t i v e  index i s  t r a v e l i n g  almost p a r a l l e l  t o  t h e  geo- 
magnetic f i e l d  ( p o i n t  4 ) .  This wave even tua l ly  reaches t h e  ionosphere 
( p o i n t  5 )  w i th  a l a r g e  phase r e f r a c t i v e  index and wi th  wave normals 
almost perpendicular  t o  t h e  geomagnetic f i e l d  s i n c e  Y >> 1. 
2.  Re f rac t ions  i n  t h e  Ionosphere and i n  t h e  Magnetosphere 
In  F igure  23 a case i s  shown where t h e  wave is r e f r a c t e d  down i n  
t h e  ionosphere and bounces back and f o r t h  i n  t h e  magnetosphere. These 
a r e  t h e  types of r a y s  t h a t  produce t h e  f i s h  hook kind of spectrogram a s  
shown i n  F igure  10. An enlargement of t h e  f i r s t  po in t  of r e f r a c t i o n  is  
shown i n  F igure  24a. A ske t ch  of t h e  phase r e f r a c t i v e  index wi th  t h e  
wave normal and t h e  r a y  d i r e c t i o n  f o r  t h e  f o u r  p o i n t s  i nd ica t ed  i n  
F igure  24a is  shown i n  F igu re  24b. The behavior of t h e  ray  i n  t h i s  
r eg ion  i s  understood through t h e  ske tches  i n  F igure  24b or through t h e  
eq u a  t ions  
d r  
dS 
- -  - s i n @  
and 
de 1 
d s  r 
- -  - - C O S P  
where 3 is t h e  ang le  between t h e  r a y  and t h e  v e r t i c a l .  Only when t h e  
s u r f a c e  i s  c losed  (LHR frequency above wave f requency) ,  p o i n t s  2 and 3 
i n  F igu re  24, can t h e  angle  @ r each  va lues  g r e a t e r  than  90°. The 
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0 energy w i l l  r each  a minimum height  a t  p o i n t  2 ( 8  = 90 ) and from t h i s  
po in t  on w i l l  t r a v e l  upward, reaching a maximum i n  c o l a t i t u d e  a t  po in t  3 
(9 = 180°). 
frequency is below the wave frequency and the  energy w i l l  then t r a v e l  
toward lower L shells (po in t  4 ) .  
The r ay  is soon t r a v e l i n g  i n  a reg ion  where t h e  l p c a l  LHR 
T h i s  behavior is  d i f f e r e n t  from the  one presented by waves 
r e f r a c t e d  i n  t h e  magnetosphere. An example of a r ay  r e f r a c t e d  i n  t he  
magnetosphere is shown i n  Figure 25 with  an enlargement of t h e  f i r s t  
r e f r a c t i o n  shown i n  Figure 26a. The main d i f f e r e n c e  i n  behavior i s  
due t o  the  f a c t  t h a t  t he  wave does not  t r a v e l  f a r  enough i n  the  magneto- 
sphe re  before  t h e  p o i n t  is reached where the  l o c a l  LHR frequency is 
equal  t o  the  wave frequency. T h i s  causes t h e  wave normal t o  be f a r  
from t h e  resonance angle  when t h e  reg ion  i s  reached where t h e  LHR frequency 
( p o i n t  1) i s  g r e a t e r  than t h e  wave frequency. The wave w i l l  t h e r e f o r e  
t r a v e l  f u r t h e r  down before  t he  po in t  of minimum height  i s  reached 
(poin t  2 ) .  A t  po in t  3 t he  ray  reaches a maximum i n  c o l a t i t u d e  and a t  
po in t  4 t h e  energy is  moving toward h igher  L s h e l l s .  This  i s  the  
type  of r ay  t h a t  produces the  MR and the  Nu w h i s t l e r s  [Smith and 
Angerami, 1968 1. 
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V . DISCUSS ION AND CONCLUDING REMARKS 
A .  THE PRO-RESONANCE MODE 
Evidence f o r  nonducted whistler-mode propagation from one hemisphere 
t o  t h e  conjugate  ionosphere has been found i n  frequency-time s p e c t r a  of 
V L F  s i g n a l s  recorded by t h e  broadband (0.3 - 12.5 kHz) r e c e i v e r s  aboard 
t h e  OGO-2 and OGO-4 p o l a r  s a t e l l i t e s .  The nonducted propagation mani fes t s  
i tself  both i n  n a t u r a l l y  occur r ing  w h i s t l e r s  and i n  manmade s i g n a l s .  
The w h i s t l e r s  have been c a l l e d  "walking t r ace"  (WT) w h i s t l e r s  
because t h e i r  t r a v e l  times i n c r e a s e  r a p i d l y  wi th  l a t i t u d e ,  producing an 
e f f e c t  of "walking through" o t h e r  w h i s t l e r  components t h a t  a r e  exc i t ed  
by t h e  same l i g h t n i n g  sources  but whose d i s p e r s i o n  c h a r a c t e r i s t i c s  
remain n e a r l y  unchanged w i t h  s a t e l l i t e  p o s i t i o n .  
Many d i v e r s e  c h a r a c t e r i s t i c s  of PR-mode propagation have been 
expla ined  by r ay  t r a c i n g s  i n  a model magnetosphere represented  by a 
d i p o l e  geomagnetic f i e l d  and a d i f fus ive -equ i l ib r ium d i s t r i b u t i o n  of 
i o n i z a t i o n .  The e x c e l l e n t  agreement obtained provides a d d i t i o n a l  suppor t  
f o r  t h e  r ay - t r ac ing  technique a s  a means of p r e d i c t i n g  t h e  behavior of 
nonducted whistler-mode waves i n  t h e  magnetosphere, and a l s o  sugges ts  
t h a t  tQe e l ec t ron -dens i ty  f i e l d - l i n e  model used ( d i f f u s i v e  equ i l ib r ium,  
wi th  about1200 e l - c m  a t  L = 2.8 a t  t h e  equa to r )  i s  a good approximation 
f o r  t h e  a c t u a l  d e n s i t y  i n  t h e  plasmasphere. 
-3 
The main c h a r a c t e r i s t i c s  of t h e  PR-mode p red ic t ed  by t h e  ray  t r a c i n g  
a r e  g iven  i n  Table 2 and a r e  compared wi th  t h e  s a t e l l i t e  obse rva t ions .  
B .  APPLICATIONS 
The d i a g n o s t i c  p o t e n t i a l  of t h e  PR-mode remains t o  be f u l l y  
eva lua ted .  There a r e  s e v e r a l  promising p o s s i b i l i t i e s ,  inc luding  u s e  of 
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Table 2. COMPARISON BETWEEN RAY TRACING RESULTS AND OBSERVATIONS 
COMhlENTS PREDICTIONS OF RAYTRACING OBSERVATIONS FROM OGO 4 
1 )  l a rge  wave normal angles,  with 
. assoc ia ted  phase r e f r a c t i v e  
index approaching 1000 
2) a t  a fixed frequency phase 
r e f r a c t i v e  index increases  with 
l a t i t u d e  
3) a t  a f ixed  observing po in t ,  phase 
r e f r a c t i v e  index increases  with 
frequency 
4)  f o r  s a t e l l i t e  below the  l e v e l  of 
the  upper maximum i n  the  LHR 
frequency, WT whi s t l e r s  exh ib i t  a 
s i n g l e  component with a low 
frequency cutoff i n  i n t e n s i t y  
5 )  f o r  s a t e l l i t e  above a maximum i n  
the  LHR frequency, WT whi s t l e r s  
exh ib i t  two c lose ly  spaced com- 
ponents (At E 70 msec) 
6 )  f o r  s a t e l l i t e  below the  upper LHR 
maximum, the  low frequency of WT 
wh i s t l e r s  is  r e l a t i v e l y  cons tan t  
wi th  l a t i t u d e  
7 )  a t  a f ixed  frequency, t r ave l  t i m e  
increases  with l a t i t u d e  
8 )  a t  a f ixed  observing poin t ,  
t r a v e l  time increases  wi th  
frequency 
i n t e n s i t y  
91 a high-frequency cu tof f  i n  
10) upper cu tof f  frequency 
decreases wi th  l a t i t u d e  
11) a high l a t i t u d e  l i m i t  of 
observations near  55O 
i nva r i an t  
12)q focusing e f f e c t  (3 t o  1 com- 
press ion  i n  l a t i t u d e  range a t  
endpoint compared t o  inpu t )  
13)  w e l l  defined WT-mode e f f e c t s  
depend on a model ionosphere 
with r e l a t i v e l y  small  hor i -  
zon ta l  g rad ien t s  a t  1000 km 
Doppler s h i f t s  up t o  seve ra l  
hundred H z  near  10 BHz 
both pos i t i ve  and negat ive  
Doppler s h i f t s ,  depending on 
equatorward o r  poleward motion 
of the  s a t e l l i t e  
a t  a f ixed  frequency, magnitude 
of Doppler s h i f t  increases  with 
observing l a t i t u d e  
a t  a f ixed  observing po in t ,  
magnitude of Doppler s h i f t  
increases  wi th  frequency 
typ ica l  WT mode wh i s t l e r s  exh ib i t  
a s i n g l e  component with a lower 
cu tof f  (fLco) near 7 kHz 
a small  number of WT wh i s t l e r s  
exh ib i t  two c lose ly  spaced com- 
ponents with a lower cutoff 
(fLco) near 6 BHZ and an upper 
cu tof f  of the r e f l ec t ed  component 
(fuco) about 7 BHz 
over a t yp ica l  observing range of 
2-3 degrees inva r i an t ,  the  lower 
cu tof f  frequency is usua l ly  
cons tan t  wi th in  - +5% 
observed i n  wh i s t l e r s  as t he  
"walking t race"  e f f e c t ,  a l s o  
observed in  f ixed  frequency s igna l s  
observed in  both wh i s t l e r s  
( r i s i n g  tone) and f ixed  
frequency s igna l s  
observed i n  both wh i s t l e r s  and 
f ixed  frequency s igna l s .  In  a 
case study the  ray  t r ac ing  pre- 
d i c t ions  were about 1 kHz above 
the  observed cu to f f s  (case of 
Figure 13) 
observed i n  both wh i s t l e r s  and 
f ixed  frequency s igna l s .  Fre- 
quently causes the  WT mode t o  
disappear as  the  upper cu tof f  
reaches the  r e l a t i v e l y  cons tan t  
lower l imi t ing  frequency 
WT mode observations thus  f a r  
l imi ted  t o  l a t i t u d e s  < 56' 
i nva r i an t  
observed i n  wh i s t l e r s ,  but 
p a r t i c u l a r l y  c l e a r l y  i n  f ixed  
frequency s igna l s  
w e l l  defined WT mode e f f e c t s  have 
no t  thus f a r  been observed i n  day- 
t i m e ,  when r e l a t i v e l y  l a r g e  hor i -  
zonta l  g rad ien ts  e x i s t  i n  the 
l a t i t u d e  rangc of i n t e r c s t  
4)  the  060-4 o r b i t  l ies between - 500 and 900 km a l t i t u d e .  
The observations imply the  
ex is tence  of a maximum i n  
the  LHR frequency above the  
LHRQax) ) s a t e l l i t e  (ftcoE 
5 )  implies the  absence of a 
maximum i n  the  LHR above t h e  
s a t e l l i t e .  Implies t ha t  
f ~ c o  fLHR(local) and 
fLJiR(max below s a t e l l i t e )  
2 fuco  
6) implies t ha t  t he  upper maxi- 
m u m  of t he  LHR frequency 
va r i e s  r e l a t i v e l y  slowly 
with l a t i t u d e  over t he  2-3' 
observing range 
9) t he  discreDancY is DOS- 
s i b l y  due t o  Landau damping 
or to e f f e c t s  of de t a i l ed  
f ea tu res  of the  e l ec t ron  
dens i ty  d i s t r i b u t i o n  
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WT w h i s t l e r s  t o  o b t a i n  information on: 
1 )  The plasma d e n s i t y  and its g r a d i e n t  a c r o s s  t h e  geomagnetic f i e l d  
i n  t h e  magnetosphere. 
2 )  The l a r g e s t  l o w e r  hybrid resonance (LHR) frequency above t h e  
s a t e l l i t e  (from t h e  lowest observed frequency) ,  which i n  t u r n  
sets t h e o r e t i c a l  l i m i t s  t o  i o n i c  compositions.  
WT w h i s t l e r s  p r e s e n t i n g  a double  trace j u s t  above t h e  lower cutoff  
i n d i c a t e  t h a t  t h e  LHR frequency a t  t h e  s a t e l l i t e  i s  l a r g e r  than a l l  
va lues  above i t .  This condi t ion  imposes severe  t h e o r e t i c a l  c o n s t r a i n t s  
on t h e  r a t e  a t  which t h e  f r a c t i o n a l  abundance of H' can vary with 
a l t i t u d e  above t h e  s p a c e c r a f t .  
S i g n a l s  propagat ing i n  t h e  PR-mode a t  10.2 and 11-1/3 kHz from the  
U.S. Navy Omega s t a t i o n s  have been observed i n  t h e  conjugate  hemisphere 
wi th  ampli tudes comparable t o  (or even larger than )  those d e t e c t e d  near  
t h e  t r a n s m i t t e r .  The enhanced s i g n a l s  suggest  t h e  f e a s i b i l i t y  of communi- 
c a t i o n  between a low power VLF t r a n s m i t t e r  and a s a t e l l i t e  i n  t h e  con- 
j u g a t e  reg ion .  For t h i s  a p p l i c a t i o n  a b e t t e r  understanding of nonducted 
propagat ion i s  needed i n  o r d e r  t o  cope wi th  t h e  Doppler s h i f t s  (up t o  
hundreds of Hertz)  t h a t  a r e  normally present  i n  t h e  enhanced s i g n a l s .  
A VLF t r ansmi t t e r  aboard a s a t e l l i t e  may be used to  determine t h e  
LHR frequency below i t .  Measuring t h e  t i m e  d e l a y s ,  t h e  p o i n t  of r e f r a c t i o n  
can be determined. Simultaneous measurement of t h e  e l e c t r o n  d e n s i t i e s  wi th  
t h e  LHR f requencies  w i l l  permit a de te rmina t ion  of t h e  p r o f i l e  of t h e  
e f f e c t i v e  mass below t h e  s a t e l l i t e .  With t h e s e  d a t a  i t  w i l l  be p o s s i b l e  
t o  have an idea of t h e  ion d i s t r i b u t i o n  below t h e  s p a c e c r a f t .  
C .  MODELS FOR THE MAGNETOSPHERE 
The magnetosphere f o r  t h e  c a l c u l a t i o n s  i n  t h i s  r e p o r t  was assumed 
t o  be c o n s t i t u t e d  of a plasma of e l e c t r o n s ,  H', He' and 0' i n  a 
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d i f f u s i v e  equ i l ib r ium permeated by a s t a t i c  magnetic f i e l d  represented  
by a cen tered  d i p o l e .  Although a s  a simple model i t  permitted t h e  
understanding of i n t e r e s t i n g  phenomena observed by VLF r e c e i v e r s  aboard 
s a t e l l i t e s .  Also f e a t u r e s  of t he  d a t a  were predic ted  by t r a c i n g  r ays  i n  
t h i s  magnetosphere. To match t h e  d a t a ,  h o r i z o n t a l  g r a d i e n t s  above 
l a t i t u d e s  of - 50° 
e l e c t r o n  d e n s i t i e s  w i t h  s a t e l l i t e s  around t h e  l o c a l  t i m e  of t h e  d a t a .  
Also l a r g e  h o r i z o n t a l  g r a d i e n t s  a r e  expected dur ing  day t i m e  which w i l l  
p revent  t h e  propagat ion  of t h e  PR mode. This i s  i n  agreement w i t h  t h e  
survey of t h e  da t a  from OGO 4; an example i s  t h e  d a t a  p l o t t e d  i n  F igure  11. 
During the  n i g h t ,  h o r i z o n t a l  g r a d i e n t s ,  below a l a t i t u d e  of - 45 , a r e  
w e r e  necessary ,  i n  agreement wi th  measurements of 
0 
expected t o  dec rease  i n  t h e  d i r e c t i o n  of t h e  equator .  These g r a d i e n t s  
a r e  i n  a d i r e c t i o n  t o  f avor  t h e  propagat ion  of the  PR mode. S tud ie s  t o  
be carried o u t  u s ing  a hump i n  the e l e c t r o n  d e n s i t y  a t  1000 km a r e  
necessa ry .  
A s  i t  has been shown t h e  PR mode is  very  s e n s i t i v e  t o  t h e  geomagnetic 
f i e l d  and it  i s  expected t h a t  d i s t o r t i o n  of t h e  magnetic f i e l d  from the  
d i p o l e  c o n f i g u r a t i o n  w i l l  show i n  t h e  PR mode of propagation. F i e ld  
l i n e s  i n  the  v i c i n i t y  of t he  long i tude  of Rosman ( - 97OW) were p l o t t e d  
us ing  the  Cain e t  a l .  C19681 c o e f f i c i e n t s  and i t  has been found t h a t  t h e  
d i p o l e  l i n e s  a r e  a good approximation f o r  t h i s  longi tude .  However the  
same is n o t  t r u e  i n  the  c a s e  of longi tudes  n e a r  Johannesburg ( - 40 E ) .  0 
Therefore  r ays  were t r aced  i n  a magnetosphere where t h e  geomagnetic f i e l d  
i s  r ep resen ted  by a harmonic expansion [Cain e t  a l . ,  19681. I t  was found 
t h a t  the l a t i t u d e  a t  which a g iven  Doppler s h i f t  should be observed i s  
about 
Johannesburg ( cu 41  E ) .  S ince  the c h a r a c t e r i s t i c s  of s i g n a l s  propagating 
lo lower f o r  t h e  d i p o l e  r e p r e s e n t a t i o n ,  near  t h e  longi tude  of 
0 
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i n  t h e  PR mode change very r a p i d l y  wi th  l a t i t u d e  a discrepancy of 
is too  l a r g e .  This r e s u l t  confirms t h e  p r e d i c t i o n  given i n  Chapter 4 ,  
Sec t ion  E .  
lo 
D. RAY-TRACING TECHNIQUE 
Ray t r a c i n g  was t h e  e s s e n t i a l  t o o l  used t o  understand t h e  behavior 
of t h e  r ays  t h a t  produced t h e  PR mode of propagat ion .  An equat ion  t h a t  
governs t h e  v a r i a t i o n  of t h e  ang le  between t h e  wave normal and t h e  geo- 
magnetic f i e l d  was used i n  o r d e r  t o  exp la in  the  behavior of t h e  r a y s  
t h a t  produced t h e  PR mode. I t  has  been found t h a t  t h e  geomagnetic f i e l d  
has a preponderant r o l e  i n  t h e  g e n e r a l  behavior of t h e  waves i n  t h e  PR 
mode. Therefore  i t  i s  expected f o r  t h e  same i o n i z a t i o n  d i s t r i b u t i o n ;  
however f o r  l ong i tudes  where t h e  geomagnetic f i e l d  d i f f e r s  from t h e  
d i p o l e  t h e  waves w i l l  show a d i f f e r e n t  behavior than those  i n  a d i p o l e  
f i e l d .  This has been t e s t e d  through a r ay - t r ac ing  program where a more 
r e a l i s t i c  model f o r  t h e  geomagnetic f i e l d  i s  used. The geomagnetic f i e l d  
i s  developed i n  harmonics wi th  c o e f f i c i e n t s  g iven  by Cain e t  a l .  [1968]. 
The d i s t r i b u t i o n  of i o n i z a t i o n  g iven  by a d i f f u s i v e  equi l ibr ium 
model appears t o  be r e p r e s e n t a t i v e  of t h e  d i s t r i b u t i o n  presented i n  t h e  
magnetosphere. The use  of VLF waves i n  t h e  magnetosphere, wi th  t h e  ray  
t r a c i n g  technique w i l l  c e r t a i n l y  b r ing  i n s i g h t  i n t o  t h e  modeling of t h e  
magnetosphere. 
One ques t ionab le  problem is  t h a t  r e l a t e d  t o  t h e  upper c u t o f f  
presented  by the  WT w h i s t l e r s .  Here i t  is proposed t h a t  t h i s  upper 
cu to f f  is caused by h o r i z o n t a l  g r a d i e n t s  occur r ing  a t  l a t i t u d e s  above 
- 45 The MR w h i s t l e r s  [Smith and Angerami, 19683 show a s i m i l a r  0 
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upper c u t o f f  and Thorne 119681 proposed Landau damping a s  a mechanism 
t o  e x p l a i n  t h i s  upper c u t o f f .  Although t h e s e  waves p re sen t  f avorab le  
condi t ions  f o r  Landau damping i t  is necessary  t o  s t u d y  f u r t h e r  t h e  
propagat ion  e f f e c t s  on t h e s e  waves. 
In f luence  of l o n g i t u d i n a l  g r a d i e n t s  i n  t h e  i o n i z a t i o n  was l e f t  ou t  
i n  t h i s  s tudy .  These g r a d i e n t s  w i l l  c e r t a i n l y  be important dur ing  t h e  
s u n r i s e  and s u n s e t  where l a r g e  h o r i z o n t a l  g r a d i e n t s  a r e  expected. 
E.  RECOMMENDATIONS FOR FURTHER WORK 
Toward h igher  l a t i t u d e s  a descending tone  whose lower cu to f f  
g e n e r a l l y  merges w i t h  t h e  upper cu to f f  of t h e  WT w h i s t l e r s  i s  seen on 
occas ion .  This w h i s t l e r  has been i n t e r p r e t e d  a s  a consequence of t h e  
presence  of l a r g e  h o r i z o n t a l  g r a d i e n t s  and i t  is a kind of change from 
t h e  PR mode t o  t h e  PL mode of propagation. 
Another problem t o  be explored is  t h e  one r e l a t e d  t o  t h e  upper 
c u t o f f .  Apparently t h i s  upper cu to f f  is produced by t h e  presence of 
h o r i z o n t a l  g r a d i e n t s  a t  h igher  l a t i t u d e s  which w i l l  cause t h e  r ays  t o  
change t h e i r  mode of propagation. However a d e t a i l e d  s tudy  of t h i s  
phenomena is necessa ry .  In  t h e  case where t h i s  p o s s i b i l i t y  i s  r u l e d  
o u t ,  . t h e  Landau damping w i l l  be t h e  o t h e r  p o s s i b l e  mechanism. I f  t h e  
upper cu to f f  i s  produced by t h i s  l a s t  mechanism, measurements of ener- 
g e t i c  p a r t i c l e s  i n  t h e  magnetosphere w i l l  be p o s s i b l e  using t h e  PR mode 
of propagation. 
On s e v e r a l  occas ions ,  p a r t i c u l a r l y  d u r i n g  November 1967, a r t i f i c i a l l y  
s t i m u l a t e d  emissions (ASE) a s soc ia t ed  wi th  Omega s i g n a l s  were observed on 
OGO 4.  Some of t h e  ASE’S appear t o  be t r i g g e r e d  by ducted s i g n a l s ;  i n  
t h i s  r e s p e c t  they a r e  s i m i l a r  t o  those  observed on t h e  ground ( see  
Carpenter e t  a l .  11969]), whereas some appear t o  be r e l a t e d  t o  nonducted 
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s i g n a l s .  'The l a t t e r  s i g n a l s  were observed both i n  t h e  hemisphere con- 
.jugate to  t h e  t r a n s m i t t e r  and i n  t h e  same hemisphere ( i n  t h i s  c a s e  
s e v e r a l  echoes were a l s o  p r e s e n t ) .  Study of t h e  ASE ' s  i s  p o s s i b l e ,  
using r ay  t r a c i n g s  t o  l o c a t e  p o s s i b l e  reg ions  of genera t ion  and cor re-  
spond ing  wave normal d i r e c t  i ons .  
The r ay  t r a c i n g  has been shown t o  be a promising t o o l  to  determine 
t h e  e l e c t r o n  d e n s i t y  d i s t r i b u t i o n  i n  t h e  magnetosphere i n  conjunct ion 
a i t h  VLF d a t a .  An i n t e r e s t i n g  problem n o t  y e t  s t u d i e d  is t h a t  i n  
connect ion with l o n g i t u d i n a l  g r a d i e n t s  i n  t h e  e l e c t r o n  d e n s i t y .  These 
g r a d i e n t s  c e r t a i n l y  w i l l  be important near  t h e  dawn-dusk meridian.  This 
is another  problem where t h e  use of a ray- t rac ing  program is necessary 
t o  o b t a i n  a q u a n t i t a t i v e  answer. 
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A P P E N D I X  A .  
A l i s t i n g  of t h e  two-dimensional r ay  t r a c i n g  i s  g iven  i n  Table 3 .  
The l e f t m o s t  number on each l i n e  i s  t h e  s e q u e n t i a l  number of t h e  s t a t e -  
ments. The number t h a t  appears a t  t h e  r i g h t  s i d e  of some s ta tements  
corresponds t o  t h e  s e q u e n t i a l  number of t h e  corresponding equat ion  i n  t h e  
t e x t .  For i n s t a n c e ,  Eq. (48) genera ted  s ta tement  #350. 
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T a b l e  3. LISTING OF THE RAY TRACING PROGRAM. 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
1 2  
13 
14 
15 
16 
1 7  
18 
19 
20 
2 1  
22 
23 
24 
2 5  
26 
2 7  
28 
SWATFCP RUFi=NOCk ECKeT I M E = l s K k 2 9  4 
C*******4******++***8+)$**+********~*****~*******************************C 
C M A I N  PROGRAM, C 
C****t*lOl*l****+*******~**~************************************~****~*C 
DIMENSION X C t  1C) 
CDPMON R O ~ M A S S S R P C C R P ~ C R A R A D S N U M * F K C ~ M O D E S F I R S T ~ I M  
COMMON / M A I h F /  P S I v C P T I G N  
REPL N A S S y L A T  
L O G I C A L  F I R S T , S K I F v O F T I O N  
RO=6372.C 
HASS=18 36.0 
RADGRA= 57 .29578  
GRARAD=1.34532YE-02 
4 R E A O  (5+1.EhD=SOC) FKCSMODE~JOPTION,  
X 
X 
HEIGHT t LATy  DELT A t  P S I  t 
SK I P s ABSBe RELB, KOUNT a N. HM 
1 FORMAT I E 6 * 1 , 1 2 t L 5 /  
X F 8 . l t F 8 . 2 t F 8 * 2 t F 8 . 2 /  
X 
X S K I P y A B S B t R E L B  
X '  MGDE ' y I : s / / s  
X '  SKIP= ' 9L 5 t ABSB=' r E 8 - 1 ,  ' RELB=' s €8.1 / /  J 
L S S  € 6 . 1 ~  E6, 1s 13.12. F6.2) 
h R I T E  ( 6 ~ 5 )  FKC~OELTAPMODEI 
5 F C F M A T ( ' 1 ' s '  FREQUENCY='*E9.29 'KHZ DELTA=' rF7.29 
FXRST=-TRUE. 
X C I l ) = H E I G H T + R O  
X0(2)=(90.00-LAT)*GRARAD 
I F  I .hCT.GPTIDN) PSI=PSI*GRARAD 
XO t 3 )=DELTA*GRARAD 
X O  ( 4  )=O.O 
DELTA=DELTA*GRARAD 
TINIT=C.O 
H =F I / S CR T ( FKC ) 
L lR ITE  ( 6 9 3 )  HvKOUNT 
3 FORMAT ( '  ' s '  H= ' F6 1 s ' KOUNT=' s I 3 . / )  
C A L L  ADAPS ( N , T f h I T ~ k , K C U ~ T , A B S B t R E L B ~ S ~ I P t X O ~  
GO TO 4 
500 PETURM 
C*+**+*O******+**+$****$**************~**************************~***C 
C END OF M A I N  PROGRAM. C 
C****88*+~***+***9***~$**l***+*****~********~****~*********************C 
EhD 
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29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
4 2  
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
5 8  
59 
60 
6 1  
62 
6 3  
64  
65 
66 
67 
68 
69 
70 
71  
72 
73 
74 
75 
76 
7 7  
SUBROUT1 NE ACAH 5 ( h r  TIN I T  r H  t KOUNT 9 ABS B, R E L B t  SK I P ,  XO 1 
C A t  PMS PREC I CTDR-CORRECTOR SUBROUTINE. 
C****9**t*44***8*********************4***************4*****************C 
D I M E N S I O N  X C t l C ) r X P ( € , S )  ,F(8,5),AKt8,5),E(8) 
CCPMON 
COMMON /ESCP/  P (  8r5) 
REPL MASS 
L C G I C A L  F I R S T p S K I P  
RO 3 MASS s R P C  GRP s GRARADe NUMI FKC *MODE e F I R S T  9 I M 
70 I F  ( . N O T * F I R S T )  H = H * 0 - 2 5  
~ * * * * * + t I * 4 + * * ~ t * $ ~ * S * $ ~ # 1 4 9 * * * * * * + * 4 * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * ~  
c SET UP I N I T I A L  VALUES. 
C*****9*4~**#P**+*++~*~*~*~****~****~*****~****~***~******~*******~***C 
DC 90 I = l - N  
P ( I  9 l ) = X O (  I J 
90 CChTI lVUE 
KTE MP=O 
T = T I N I T  
IF ( . N O T - f I R S T )  5 0  TC 1 4 0  
C * * * * * + * 9 * * * * * + * * ~ + * * * * # * ~ * * * * * * * * * * * + * * * * * * ~ * * * * * ~ * * * * * * ~ * * * * * * * * * * * * ~  
C **4 WRITE THE HEADING *** C 
C9*~**+9*8***4******+Ot+*+*t444**********************~********4*******C 
C A L L  FUNCT(T,P,F i l ,C1400)  
C A L L  E S C ( J * & 1 4 0 0 )  
J= 1 
140 IF ~.NOT,SKIP) GO T O  Lac 
I A = 2  
IB=4 
GO TO 300 
180 RELTES =14.2*RELe 
ABSTE S =14.2*ABSE 
F ACTOR-R E 1 B/  AB SB 
EB=RELTES /400*0 
H=2.0*H 
Go TO 270 
2 4 C  T = l S  
H=O. 5*H 
GO TO 300 
270 IA=2 
IB=2 
TS=T 
C*****9**************~***4******~**************************************C 
C RUNGE=KUTTA STARTING METHOD. 
C**+8***+*** *+*+**+*9**~*** *~~*** * * * * * * * * * * * * * *~*** * * * * * * * * * * * * * * * * * * * *C 
300 DO 510 J = I A , I B  
CPLL F U N C T ( T s P  r F , J - 1 9 & 7 0 )  
DC 350 I = l , N  
P K  ( I  I l ) = H * F  ( I 9 J- 1) 
- 98 - 
78 
79 
80 
8 1  
82 
93 
8 4  
85 
€ 6  
87 
88  
89 
90 
9 1  
92 
93 
9 4  
9 5  
96 
5 7  
98  
99 
100 
10 1 
1c2  
10 3 
104 
1 C  5 
106 
1C7 
10 8 
109 
1 1 c  
111 
112 
1 1 3  
114 
115 
116 
117 
118 
119 
120 
12 1 
122 
T=T+H 
C A L L  
CO 510 I = l r F t  
4 K  I I 4 1=H*F I I s J 1 
P (  I T  J ) = P (  I ,  J-1) +C. 1664667* ( A K (  1 9 1 )  +2 .O*AK( 112 1 
FUNCT( T ? P , F t  J, E70 t 
1 + 2 . O * A K ( I r 3 ) + A K (  1 . 4 ) )  
510  C C h T I h U E  
C+**+**+*+*******b***~~************************************************C 
C EhD PUNGE-KLTTA METPCD 
CO*** t * * *$ * * *8* * *+* * * *~+~* *~*4* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *C  
IF (IB-2) C40,53C,64C 
X P ( l , 5 ) = P ( I , 2 )  
530 CO 550 I = l r N  
5 5 0  CGhTIFtUE 
C*~*****t****~*+*************************~*****************************C 
C X P ( I )  ARE THE VALUES OF DOUBLE I N T E R V A L  TO BE 
C LSEG IN ERROR ANALYSIS.  
C**tS1+$4*************+*****+*******+**8****~**********4**************4C 
T=T-H 
H=C*5*H 
WRITE ( 6 9 5 E l l  H 
5 8 1  FCRMAT( '  I N  T b E  FOLLONING CALCULATION H= ' rE15*8* / )  
I F  (AE!S(H).GT.l.OE-071 GO TO 620 
WRITE (696C1) 
601 FORMAT ( 1  's' *** EGUATIONS CAN NOT BE SOLVED FURTHER WITHIN ' ,  
X ' G I L E N  ERRCR BOUND *** ' * / I  
RE'JLRN 
GO TO 300 
620 IB=3 
640  I F  (18-3) 81C~65C.810 
650 J=3 
K K K = O  
C** *+* *$+* * *X*BQt t *4* *$* * * *$ *4* * * * * *~* * * *~* * * * * * * * * * * *4 * * * * * * * * * * * * * * * *c  
C IS ACCURACY C R I T E R I P h  MET? 
C****+********+*+**+***f***********+********************~**********C 
660  OC 760 1 ~ 3 . 4  
I F  (KKKI 67C,670,720 
670 E ( I ) = A B S ( X P ( I , S ) - P ( I , J ) ~  
IF 
6 8 1  E ( I ) = € (  I ) / A B S  ( P (  I rJ)  1 
GO TO 760 
6 9 0  I F  ( E l I 1 - A B S T E S  1 6 9 1 ~ 7 C 0 ~ 7 0 0  
6 9 1  E l  I )=E( I )  *F ACTOR 
CE TO 760 
( E ( I )-ABS f P I  I * J 1 )*RELTES 1 68 1 * 690,690 
70C 7 ~ 7 - H  
I F  (+5)53C,72C,53C 
P (  I I I ? 1 I=P(I I 1 1 4 )  
GC TO 270 
720  D O  740 I I I = l r N  
740  CGNTINUE 
760 CONTINUE 
I F  ( 5 - 5 1  780~108Cs78C 
780  IA=4 
I e=4 
GO TO 300 
C4+****+t++**********~********t**+*********************************C 
C SIIGULC AFtY OF THE STARTING VALUES BE P R I N T E D  OUT? 
C***********+**t4*8+************************~***************~**********C 
810 T=T-3.O*H 
DG 9 2 1  Jz2.3 
- 99 - 
123 
124 
12 5 
126 
12 7 
128 
129 
13 C 
13 1 
132 
133 
134 
135 
136 
137 
138 
139 
140 
14 1 
142 
14 3 
144 
145 
146 
14 7 
148 
149 
150 
151 
152 
153 
154 
155 
156 
157 
158 
159 
160 
16 1 
16 2 
1.6 3 
1554 
165 
k************++**** 
c TEST LtHETkER THE I h T E R V A L  CAN BE DOUBLED. 
t* **** 
166 DO 1270 I = l r N  
167 P (  I ,  1 ) = P (  C r 4 )  
- 100 - 
16 8 
169 
170 
L7 1 
172 
173 
17 4 
175 
176 
177 
178 
179' 
180 
181 
1270 COhTINUE 
H..4,0*H 
WRITE (6,12911 H 
1291 F O R M A T ( *  DauBLE H *r~i5.8y/) 
GO TO 270 
1310 k R I T E  (by13111 
1311 FORMAT ( '  't' *** SUSPICIOUS RETRY ***',/I 
K K F = 1  
GC TO 660 
1330 T=T-H 
K K K = 1  
GO TO 660 
1400 RETURN 
C*****O*******+**P*******4#*~******8************************************C 
C END OF THE P C A X S  SUBROUTINE. 
C * + * * * t O * 9 S # S * ~ 4 4 t + * ~ ~ 4 # # ~ * 4 ~ * * * ~ ~ * * * ~ * * * * * * * ~ * * * * * * * * * * * * * * * * * * * * * * * * * ~  
EhC 
- 101 - 
182 SUBROCI INE FUNCT f T  r P r C L D T s J ,  * )  
183 O I P E N S I O N  Z ( 8 )  pP ( 8 1 5 )  r D Z D T l 8 y 5 ) r Y 0 ( 2 )  r Y ( 4 )  r A L P H A 0 ( 4 ) r A L P H A ( Q ) r  
C + C f * * t * * * * * + * + + * * * * * + ~ * * ~ ~ + * + + * ~ * * * * * * * * ~ * + * * * ~ * * * * ~ * * * ~ * * ~ * * * * * * * * * * * C  
X DLNOR( 4) ,DLNDT ( 4 1  g D L N D P ( 4 ) t  N D ( 4 )  r X ( 4 )  r DRDZ(3) r D B T D Z 1 3 ) s  
X C BPOZ ( 3 1 9  DGDZ I 3  1 t) C BED2 ( 31 vDMUDZ( 6) DBRD Z (3 1 
184 CCPMGN R O , M A S S , R b C C R P , G R A R A O ~ N U M ~ F K C s t 4 0 D E y F I R S T , I M  
185 CCPMON / M A I N F /  P S I  rGPTIOlV 
186 CCPMCN /ESCF/ ~ P L P H A I S ~ ~ W B E T A I S ) ~ W G A M A ( ~ ) Y ~ P S I ( ~ ) , W P S I R E ~ ~ ) ~  
X 
X NMODE( 5l.kGFf 51 
W ALFA ( 5) 9 k FOE I 5  1 rW MU ( 5 1 9 WAL(5 1 9 W AP (5  1 9  WAR ( 5 1 , 
187 L C G I C A L  F I R S T s O P T I C N  
1 8 8  REAL N D ~ M A S S ~ ~ E C ~ M L ~ M L ~ ~ N U ~ ~ M U ~ ~ ~ N U ~ ~ ~ M U ~ ~ ~ ~ ~ U ~ ~ Y M U G  
189 00 100 1 4 9 4  
1 9 C  zt I ) = P (  I * J )  
19 1 1 C O  CONTINUE 
193 
194 
1 5 5  
19 2 c a s z z = c c s f z [ z ) )  
SI IVZZ=SIN ( Z  ( 2 )  1 
S l h Z 2 2 = S  I k22 *S I N Z 2 
CG S Z 2 2=C 0 S 22 *C C S 22 
146 I F  L.NDT*FIRST)  GO TO 200 
197 READ 1 5 r 2 0 1 1  GFO 
199 WRITE ( 6 r 2 0 2 )  GFC 
198 201 FORMAT (F7.2)  
200 202 FCRMAT I' *,  ' *** TI-€ EARTHS MAGNETIC F I E L D  IS REPRESENTED BY A * *  
X C E ~ T E R E D  D I P O L E  WITH A G F O = * . F ~ . ~ , ~  KHZ * * * e , / )  
20 1 200 R=Z(f) 
20 3 BB=SQRTIPA) 
204 GF=GFO* (RO/R)**3 /B5 
20 5 
20 6 Y 0 1 2 ) = S I N Z 2 * B B  
207 C E C Z ( 1 ) - 3 . O / R  
2 c2 AA=1 eO/ (1 .0+3 -0 *COS 222 I 
\ c  (1 )=2 .o*cGsz2*Ba 
2c 8 
209 Y ( l ) = - G F / F K C  
210 
OBDZ t 2 1 =-3. C * S I  NZZ*COSZZ*AA 
Y ( 2 3 =- Y 1 1 /MAS S 
211 Y ( 3 J = O  . i 5 * V (  2 1 
a 12 Y I 4 ) = 0 . 2 5 * Y 1 3 )  
213 CALL DENS ( R  r COL AT yhC 9 A L P H A t  OLNDRy DLNDT 1 
214 F O E = S Q R T I 8 0 . 7 + N C ( l I )  
215 
214 CONS=XI l ) / M A S S  
217 X ( 2 ) = C G h S * A L P H P ( 2 )  
219 Xl4)=0.OE25*CCNS*ALPHA(4)  
22 0 I F  ( e N O T - F I R S T )  GO TO 61 
2 2 1  Y Y = Y ( 3 1  
22 2 IF ( I M a E P e 3 )  Y Y = Y  (4) 
223 I F  ( .hOTeCPTION) GO T O  6 
224 6 1  O E L T A = P ( 3 * J )  
X I 1 I =  ( FCE/FKC ) *+2 
218 X ( 3 1 =O e 2 5*CC h S * A L  PH A (31 
225 CDELT A= COS ( D E L 1  A f 
226 S D E L T A = S I h ( O E L T A )  
227 I SPSI=SDELTA*YO(  I ) -CDELTA*YOtL)  
2 2 8  C P S I = C D E L T b * Y O ( l ) + S O E L T A * Y 0 0  
229 P S I = A l A N Z (  S P S I y C F S I  1 
230 GO TO 7 
23 1 5 C P S I - E O S I P S I )  
232 S P S I = S I N ( P S I  1 
233 CDELTA=Y 0 I1 ) *CPSI-YO ( 2) *SPS I 
234 S D E L T A = Y 0 ( 2 ) 4 C P S I + Y C o * S P S I  
23 5 P I 3 r  J )=ATAN2 I SDELTA-CDELTA)  
079 
0 84 
085 
080 
08 € 
04 1 
04 1 
04 1 
041 
040 
0 39 
03 9 
039 
039 
082 
083 
- 102 - 
23 6 
237 
23 9 
240 
24 1 
2 4 2  
24 3 
244 
245 
24 6 
247 
248 
24s 
250 
25 1 
252 
253 
25 4 
255 
256 
257 
2 5 9  
26 0 
26 1 
2 6 2  
26 3 
264 
265 
266 
267 
269 
27 0 
27 1 
272 
273 
2 7 4  
275 
27 6 
277 
2 7 8  
279 
28  1 
283 
284 
285 
2 8 6  
287 
2 8 8  
238 
258 
26 a 
280 
282 
2 a9 
29 0 
29 1 
292 
29 3 
7 
a 
9 
10 
CPS IZ=CPS I *CP S I  
SP s12= SPS I * S P S  I 
PRZ1.0 
A L = 1 * 0  
PP=1,0 
6RsAR- X L 1 1 / ( 1 C +Y I I 1 1 
A L t A L - X  I I) / (1 -0-Y ( I) 1 
AP=AP-X( I) 
A S = O . 5 *  ( A R t b L )  
AD=O. 5* tbR-PL) 
A PL= A R*dL 
A P S= AP * PS 
APL=AP*bL 
A PR= AP* d R 
A=AS*SP SIZ+AP*CPS I2 
C=AP* A R L 
AC=A*C 
DO 8 I = l y N U ! 4  
CONTIbUE 
R=ARL*SPSIZ+APS *( l .O+CPSI 2) 
I F  I A C )  9.9910 
F 2=0*R-4 O*AC 
NMODE ( J I =  1 
GO TC 11 
F 2 = I  ( ARL-APS 1 + S  P S I  2) **2+4.0* (AP*AOJ**Z*CPS I2 
hMODE ( J )=2  
036 
03 7 
038 
034 
035 
030 
031 
03 2 
11 GO TO (1001il002)rNCOE 
1001 I F  IAL.GT.O.0) GO TO 12  
I F  (loOoGT.YY.AND.l.O.ll=Y(2)) GO TO 13 
GO TO 34 
12 IF I1.O.LT.YY) GI! TO 20 
2 1  I F  IA.GT.O.0) GO JG 3 1  
14 PU 2s ( 8- S C R T ( F 2 1 1 / ( 2 O*A 1 
GO T C  30 
13 IF (A.GT.O.0) GO TO 3 1  
I F  ( 0 . G T m O . C )  GO TO 1 8  
GO TO 14 
GO TO 30 
lC02 FL=-O.S+GF+SQRT~GF+*2+Oo25*FOE**2) 
I F  { F K C e G T e F Z I  GC T O  22 
I F  (AL.GT.O.0) GC T O  20 
IF ( loO.GT.Y(Z)  mANC.R.GT.0.0J GO TO 13 
GO TC 3 4  
GO TO 21 
22 IF (APoGToO.0) GC TO 3 4  
17 MU2=(2  .O*C I / (  B-SQRT(F2)  1 
GO TU 30 
18 MUZ=(Z.C*CI / ( B + S Q R T ( F Z )  1 
30  I F  l P L 2 1  31t32r32 
3 10 WRITE ( C i 2 O C O )  
2000 FGRMPT ( '  * * '  *** T H I S  FREQUENCY DOES NOT PROPAGATE IN T H I S  MODE'S 
X * + + * ' Y / / )  
GO TO ( l r 2 ) s M O D E  
& R I T E  (6r20C1) GFPIGFIFOE 
1 GFP=Y(Z) *FKC 
2001 FORMAT( '  ' * '  G F P = ' * f 9 . 2 * * K H Z  G F = ' * E 9 * 2 * '  KHZ FOE='rE9.2( 
X * K H Z * * / )  
KETLRN 1 
- 103 - 
2 3 4  
29 5 
24 6 
297 
29 8 
299 
300 
30 1 
30 2 
303 
304 
305 
30 6 
307 
308 
309 
3 1 0  
' 311 
3 1 2  
3 1 3  
3 14 
315 
3 16 
31 7 
3 18 
3 1 5  
320 
3 2  1 
3 2 2  
3 2 3  
3 2 4  
3 2 5  
326 
3 2 7  
32 a 
3 2 9  
3 3 0  
33 1 
332 
3.3 3 
334  
3 3 5  
3 3 6  
337 
33 8 
33 9 
340 
34 1 
342 
34 3 
344 
3 4 5  
346 
34 7 
3 4  8 
34 9 
350 
2 FC2=GF*(C .C625*ALPHA(2 )  + A L P H A ( 4 )  )/MASS 
WRITE ( 6 , 2 0 0 2 1  G F t F C 2 r F O E  
2002 FCPMAT [ '  ' 2 '  CF=',E9.2,' KHZ FC2=',E9.2,' KHZ FOE='tE9.2,  
X * K H Z ' r / )  
RETURN 1 
3 1  IF ( F I R S T )  GO TO 310 
WRITE ( 6 , 3 3 1  
3 3  FCRMAT ( 9  ' s t  *** P S I  GUTSIDE RESONANCE CONE **e' , / )  
RETURN 1 
3 4  I F  ( F I R S T )  GO TO 3 1 0  
h R I T E  ( 6 1 3 5 )  
35 FORMAT I '  ' * *  *** I T  IS hECESSARY TO D I V I D E  THE INTERVAL OF I N T E ' r  
x 'GRATION 4**'3/l 
RETURN 1 
32 Mb=SQRT(MUZ) 
I F  (1 .OC.L7 . Y  (21  .ANCiMODE.EQ.21 GO T O  37 
I F  I M O D E ~ E Q ~ l . C R o M C D E , E Q , 2 )  GO TO 43 
I F  (FKCmLT.FCE*OR.FKC.LT*GFJ GO TO 37 
4 3  AR G=-A P /  AS 
I F  ( A R C )  37,38038 
37 P S i R E S ~ 1 ~ 5 7 C 7 9 6 3 * S I G N ~ l ~ O ~ P S I ~  
GO TO 3 9  
38 P S I RES= A JAN ( SQH T I AR G )  1 
A P S I = A E S ( P S I )  
SNPSI=P! I  / A P S I  
P S I RES= S N P  S I*PS IRES 
I F  ( APS I - l . 5 7 C  7 9 6 3  1 409 4 1 s  41 
40 
GO TU 39 
41 
39  CU1-NU 
P S I  R E S =  SNPS I* I 3  9 1 4 1  5962-P SI RE S) 
MU 1 2=MU 1 *MU 1 
NU13=Mbl*MU 12 
MU 14- MU 12 8 MU1 2 
DEhCM 131 .O/ (MU12*SPSI  I 
DENCMZ=l.0/(4.O*MU13*A-2.0*MU1*8) 
s 2P SI = 2. c * SPS I+C P S I  
X 
GAGPS I = S 2 P S  I* (4s-AP) 
GBDPSI=S2PSI * (ARL-APS1 
DCDPSI-0.0 
DMUDPS=(FU12+DEDPSI-MU14*DADPSIt*DENOM2 
DGOZ ( 1J -0.0 
D FSDZl=  C - 0  
DPS CZ2=-2 U*AA 
GMUDZ( 1 ) t G . G  
CMU CZ (2 )=DMUDPS*OPSDZ2 
G4 RDF=O C 
CALDFsC .C 
CAPDF=O e 0  
DHLXZl=C.  0 
CMLYZl=C.O 
DML XZ2=C 90 
OML Y Z 2=C e 0  
C C  53 I=l.NUM 
D A R G X = - l . C / ( l . O + Y ~ l ) )  049 
O A L C X = - l . O / (  L-O-YI: 11)  050 
DAFDX=- l  .C 0 5 1  
DAOX=0.5*fDARDX+DALDX)*SPSI2+DAPDX*CPSI2 046 
047 
048 
C E CX= 4 AR*D ALDX+AL+DARDX I *SPS I2+[ 0.5*AP* I OAR0 X+DALOX) 
+ A S *  CAPDX ) * ( 1 .O + C P S I 2  ) 
DCC X=APR*DAL OX+ APL *OARDX+ARL*DAPDX 
064 
06 5 
066 
063 
060 
05 8 
058 
- 104 - 
35 1 
352 
353 
354 
355 
356 
357 
358 
359 
36C 
36 1 
362 
36 3 
364 
36 5 
366 
36 7 
36 8 
309 
370 
37 1 
372 
373 
374 
31 5 
37 6 
377 
37 8 
37 9 
38 0 
381 
382 
383 
384 
385 
386 
38 7 
38 8 
389 
39c 
39 1 
34 2 
393 
394 
345 
396 
OPUCX~(-OAOX*MU14+DBOX*MUl2-DCDX~*DENOM2 044 
DARCY=X( I )  /(  1eO+Y( 1’1 1**2 05 5 
O ALCYz-X < I >/  1 .O-Y t I 1 )**2 056 
DaPoY=c.c 0 57 
C ACY= 0 e 5+ (DAKOY, DALDY 1 * SP S I2 0 52 
X ( l . C + C P S 1 2 1  053 
DCC’f= PPL*C BRDY+ APR*DALDY 054 
C MU0 Y= ( - W U 14*0 ADY+MUlZ * CB DY-DCDY ) *DENOM2 04 5 
O X C Z l = D L N D R ( I ) * X ( I )  
OXCZZ=OLhOTI I ) * X ( I  1 
OYCZL=CBOZt l ) * Y (  I )  
DYCZZ=CEDZ ( 2 ) * Y (  I )  
OMLX Z l = W b  X 2 1 +DMUDX*OXD 2 1 
DMLXZ2=DCLXZ2+DMUDX*OXDZ2 
C M C Y Z 1 = D R U Y Z l + D M U D Y * D Y n Z l  
DCLY ZZ=OPLY ZZ+DMUDY*DYDZZ 
CAPDF=(Z.C+Y( 1 ))*DARDY+DARDF 092 
CALCF=fY(I)-Z.O1*DALDY+DALDF 093 
CAFDF=DAFDF+XII  1 
C 6 C Y  = b K * D  ALDY+ AL*O ARDY 1 *SPS I2+0 5*AP * f DARDY +DALDY 1 * 
53 CONTINUE 
CAPOFz2 *C*CAPDF 094 
OMLDZl=CCUDZ( 1) +DMUXZl+DMUYZl  043 
D P U C Z 2 - C P U O Z  ( 2  1 +DMUX ZZ+OMUYZZ 043 
OADF=O* C * (  CARDF+DALDF )*SPSIZ+CAPDF*CPS I 2  088 
D B C F = (  AL*C ARDF+AR*OALDF) *SPS I 2 + (  0.5*( AR+AL) *OAPDF 
x + PP*O e 5 +  D4RDF +OALDF I ! *( 1 a 0  +CPS I 2  1 089 
DCDF=ARL*CAPDF+ APL*DARDF+APR*OALDF 090 
1) PUDF= l -MU 14* C A OF+H U lZ*DBOF-DCDF J W E  NOM2 087 
T AL PH A=-CMUC P S/ MU1 
C+t**t+t+*4+**+11*+4+$~1+~~+*4**~~~*9~*~*9**~*******~*********8*******C 
C O I F F E R E h T I A L  EGUATIONS. C 
C * * * + t * * $ * 4 * * 8 + 1 * * * f + * * + * ~ 4 * * ~ * * ~ * ~ * * * * * * ~ ~ * ~ * ~ * * * * * * * * * * * * * * * * * * * * * * * C  
CLfT  I l r  J 1= (CDELTE-SOELTA*TALP HA ) /NU 1 02 4 
D Z D T l Z  rJI=ICDELTP*TdLPHA+SDELTA) / 1 M U l * R )  02 5 
CZCT (3 ,J (COELTA~DML022/R-SDELTA*DMUDZl 1 /MUl-SDELTA/R) /MU1 026 
CZCT(4.J)=(l.O+CMUDF/MUl)/3-0EO5 02 7 
WPLPHA( J ) = A L P b A ( 2 1  
WEETA( J 1 = b L P H P ( 3 )  
WGAMAt J )=ALPHA ( 4 1  
H P S I R E i  J )=PSIRES 
k A L F A (  J l = l A l . P H ~ l  
WFCE(  J )=FCE 
WGF( J )=GF 
kM I ( J 1 =MU 
WAL( J )=AL 
kPPl J J=AP 
WAR( J )=AR 
WPS I ( J)=FS I 
C**++4*0+**+*+t+*t****~t**~**$********~****~*****************~****~***C 
RETURh 
C 9 * * + * * * * + * + ~ * + 1 * * * 4 + t t t + 4 $ * ~ $ ~ + * ~ ~ * * * * ~ * * * * * * * * * * * * * * * ~ * * * ~ * ~ * * * * * * * ~ * C  
EhC 
- 105 - 
39 7 
39 8 
399 
40 0 
40 1 
402 
40 3 
4c4 
4 0 5  
40 6 
407 
4 0 8  
40 9 
410 
4 1 1  
4 1 2  
41 3 
4 14 
4 1 5  
4 1 6  
417 
4 19 
4 2 0  
4 2 1  
422 
4 2 3  
4 2 4  
4 2 5  
4 26 
4 2 7  
42 8 
42 9 
4 30 
4 3 1  
4 3 2  
4 3 3  
4 3 4  
4 35 
4 3 0  
4 3 7  
43 8 
439 
44 0 
4 1 8  
4 4  1 
SUeROUT I N  E GENS 
D I N E N S I O N  ALPHA0(4)rALPHA(4)rDLNDR(4) ,DLNDT(4) ,ND(4)  
CC FMC N 
REAL NDs NRtNEO *MASS 
{R sCCLAT t ND 9 ALPHA*DLNDRv DLNDT) 
C****C*+*$*+*+C*+P+Q$*~**+***~+************~************~******~*+**+**C 
X *EXNOR ( 4  1 r S H (  4 J 9 Q I  ( 4) 
RO ,MAS S 9 R P C C-R A, GR A R  A O  9 NUM 9 F K C  9 MODE, F IRST 9 I# 
L C G I C A L  F I R S T  
I F  L N O T , F I R S T l  GC 10 3 
WRITE 16,901 
90 FORMAT ( a  '3' +** THE ELECTRON AND I O N  DENSITY MODEL IS', 
x ' THE DIFFUSIVE E Q U I L I B R I U M  ONE ***'t/) 
RE PO 
WRITE ( 6 ~ 2 0 0 1  HBbSEoNEO,IALPHAO( Y ) * I = 2 * 4 ) r T H E R M  
( 59 100 1 I-BA S E s  NEOS (ALPHA0 ( I ! 9 I=2 e 4 1  *THERM* NUMt I M  
10 C FORM A T  I F 7.2, E6  e 1 p 3 F  5 e 2 9 F 6.1 9 I 2  y I2 1 
200 FORMAT ( *  ' 9 '  C E N S I T Y  AND X AT ',F6.1yaKM',//, 
X '  N E O Z ~  9 F 7 -  l p  ' H+=' rF4 .2 ,  a HE+='tF6.2,' 0+='9Fb-2* 
X '  T E C P = ' r F ? e l r / / )  
DC 3 0 0  1 ~ 2 2 4  
ALP HAC I I I =  0 C 1+ ALPHA 0 ( I 1 
300 CChTINUE 
RBASE=HCPSE+RC 
E0=9 I 8C*(RO/RBASE 1 **2 
SH12 ) = a  *2542*THERM/GO 
SH( 3 )=C .25*SH{2  1 
S H { 4 ) = 0 - 2 5 * S l i (  1 )  
3 V 2 S-RE A 5 E /R 
069 
069 
06 9 
06 8 
E X N O R ( 3 ) = E X h C R ( 2 ) * * 4  
EXNOR[4 l=EXNOR(3) * *4  
Q=O.O 
SUFI=O*O 
6 1  ( I ) = E L P ~ A O ( I ) + E X N U R ( I )  
6=4+QI(I) T572 
S U C I = S U C I + Q I (  I ) / Q H ( I )  
hR=SQRT (Q 
L ZS2=L zs*\rzs 076 
ND( l ) = h E C * N R  070 
C L h O R ( l ) = - S U M I + V Z S 2 / ( 2 ~ 0 * ~ )  073 
O L h D T I  1 ) = O e C  077 
ALPHA(  I )=QI ( I  )/Q 
ND( I )  =ND (1 1 *ALFHA(  I ) 07 1 
C L h D R ( 1  )=-DLNOR( l ) - V Z S 2 / S H ( I )  074 
DLNDT(  I )=O.C 078 
DO 1 I=Z.NUM 
1 C C N T I h U E  
DO 2 I = i r N U M  
2 C O N T I  hUE 
RETUR h 
EhE 
c*++*+* * *********+****+ ********** * C * + * * * * * * * + + * * * t * * * ~ ~ * * ~ + ~ * ~ + ~ * * * * ~ C  
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442 
44 3 
44 4 
445 
446 
44 7 
448 
449 
450 
45 1 
452 
453 
454 
455 
456 
457 
45 a 
459 
460 
46 1 
462 
463 
464 
46 5 
466 
46 7 
468 
449 
470 
47 1 
47 2 
4'73 
47 4 
47 5 
476 
47 7 
479 
478 
480 
48 1 
48 2 
4e4 
485 
486 
48 8 
483 
48 7 
SUERUUTPNE E S C I J s * )  
C t + + * * 4 $ 4 * * * * + ~ * 4 1 0 + ~ ~ 4 * ~ ~ * * * 4 * * ~ * * * * 4 * * * * * * * * * * * * * ~ * * * * * * * * * * * * * * * * * * * ~  
C I F E N S  I G N  TGEhG ( 5 )  
CGPMUN ROgMASSoRAOGRAsGRARAOs NUMIFKC,MOOE,FIRSTY I M  
CCPMCN /ESCB/ P I 8 . 5 )  
CCCMUN / E  S C F f  WALPHA ( 5  b p WBETA f 5 1 r WGAM A (  5) t WPS I I 5 ) 9 WPS I R E  5 1, 
X W A L F A ( S ) g h F O E ~ 5 ~ r W M U I 5 ~ g W A L ( 5 )  r W A P ( S ) s W A R ( 5 ) r  
X ht'CCE 15) s k G F ( 5 )  
R E A L  MASS, IlvV 
L O G I C A L  F I R S T e S T O P  
TGSABS I P  ( 4 s J f 1 
Z l = P (  l ,J)-RG 
Z Z = 9 0 . , O O - P ( Z .  J)*FPCGRA 
DELTA=P13,JJ*RPCGRA 
ELE=P( 1 s  J ) / ( R C * S I N ( P ( Z r J ) ) * * Z )  
P S I G = k P S I  ( J I * R A C C R A  
ALFAG= PSIG+AIAN(hALFP(J))*RADGRA 
PSIRG=WPSIRE(  JISRADGRA 
kD=2.O*WPR ( J  ) + k b L  ( J ) /  IkbL( J )  +WAR( J ) 1 
I F  ( T G . G T ~ T G E h O ~ ? ) s U R ~ ~ Z L . L T . T G E N D ( l ~ ~ A N D ~ P ~ Z ~ J ~ ~ G T ~ T G E N O ~ 2 ~ ~ ~  
X STOP=sTKUE. 
I F  ( .NOTeFIHST)  G C  TI1 (201tZ021,NOUT 
FIRST=,FALSE. 
S T  C P=a F A L  S E 
READ ( 5 9 3 )  NOUT,TGEND 
3 FCRMAT ( 1 2 r 5 F 5 e 2 )  
T C E hD ( 2 = TGEND ( 2 1 * GR ARAD 
I F  (NGUT.EQeOI NGLT=POOE 
GO T U  f 101,102 1 s  hOUT 
101 WRITE (6 ,111)  
111 FORMAT I '  T G  ALT COLAT € L E  GF P FCO F C 2  ' v  
1 8  MU9 3 * BETA D E L T A  ' Y  
2 *  P S I  P S I R  %H* ' * / / I  
201 hA=WGF( J ) / H A S S  
C****$*t~*++******t*******~****~*******~*********~~*~***~***~**********C 
C ***FCO AND F C 2  ARE CALCLLATED SUPPOSING ONLY H+ AND O+*** 
C * * * * * * ~ 9 * * * * * * * * 4 * * + 4 ~ * ~ * 1 + * * * 9 * ~ * * * ~ * ~ * ~ * * * * * ~ * * * * * * * * * * * ~ ~ ~ * * * * * * * * * C  
kE=WGF(J9* lkALPHP(J)+0,0625+WGAMA(J)~ /MASS 
WC=WGFI;J )*SQRT (WGAMA( J)  *WALPHA( J )*O. 0625**2) /MASS 
biE=WALPHAtJ 1 *lo0 -0 
WF=WAR(Jl 
WRITE (69 1211 P ( 4 ,  J ) e Z  1,229 ELE. WAv WBs WCs WMUt J l *  
X ALFAGIOELTAI PS IG1 P S I  RGY WE 
12  1 FOFMAT (F8-4 9 F9 o 1 r F  7 e 21 ~ 5 . 2 ~ ~ 8 . 3 ~ ~ 8 . 3 ~ ~ 9 . 3 ,  Fa.i.4Fa.2 
l r F 7  e 2  1 
I F ( S T O P )  GO TO 3 C G  
RETURN 
102 h R I T E  (6,112) 
112 FORMAT TG A L T  L A T  I N V  ELE GF F L H R  ' 9  
* X '  P S I  P S I R  %H+* * / /  1 
202 LtA=WGF( J 1 
X ' F O E  PU a 9  9 BETA D E L T A  ' * 
SLMQ=lkALPHA1J)+kEETP(J1*0.25+WGAMAIJI*O.O625~/MASS 
WC=WFOEI J 1 
hlF=WAR(J) 
kB=SQRT( SUMEff  1. G/WFCE ( J 1 **2+ 1 .O/WGF I J )**2 1 1 
C C S I N V = S Q R T t l e C / E L E )  
SI h I NL=SORT 1 e 0-COS I hV*CO S INV 1 
I & L = A T A h  1 SI h I FtV/CC SIhV )*RbOGRA 
W E=W ALPh A ( J * L C C  m G C  
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4 8 9  h R I T E  (61122)  TG 921 3 22 9 I NV *E LE, WA, WB, WCI WMU J 1 9 ALFAGt DELTAS 
X PS IGIPSIRGI WE 
490 
49 1 
49 2 
4 9 3  
49 4 
49 5 
496 
49 7 
49 8 
RETURh 
300 WRITE (6,3025 Zl ,Z2,CELTA,PSIG,PSIRG 
302 FORMAT I '  ' 9 '  kEIGHT=' ,E14.79'  LAT=' .E14.7, '  D f l T A = ' * E 1 4 . 7 *  
x ' PSI='rE14*7r9 P S I R E S = ' r E l 4 . 7 * / )  
WRITE (6~3C3) 
303 FORMAT f 9  ' * / * '  *** END OF PATH, ***') 
R E l U R N l  
EhC 
C**4********4*8**+****$$***t***********************~****************~***C 
$0 AT A 
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APPENDIX B. 
An example of i npu t  ca rds  i s  shown i n  Table 4 .  The numbers p r in t ed  
a t  t h e  t o p  correspond t o  t h e  column numbers on t h e  ca rd .  
I n  card  #1 t h e  wave frequency (FKC), t h e  mode of propagation (MODE) 
and t h e  angle  t h a t  w i l l  g i v e  t h e  wave normal d i r e c t i o n  (OPTION) a r e  
s p e c i f i e d  ( see  t e x t ) .  
In  t h i s  case: 
FKC = 10.0 kHz (E6.11, 
MODE = 2(12) ,  and 
OPTION = TRUE (L5). 
The Format is g iven  by t h e  f i e l d  s p e c i f i c a t i o n  shown between p a r e n t h e s i s .  
The i n i t i a l  cond i t ions  a r e  punched on card  42. They a r e  the  he igh t  
(HEIGHT), t h e  l a t i t u d e  (UT), t h e  angle  between t h e  v e r t i c a l  and t h e  
wave normal (DELTA), and t h e  angle  between t h e  e a r t h ' s  magnetic f i e l d  and 
t h e  wave normal (PSI) ,  t h i s  being s p e c i f i e d  only  i f  OPTION = FALSE. 
I n  t h i s  case: 
HEIGHT = 500.00 km (F8.11, 
LAT = 45.00° (F8.2),  
DELTA = 00 .OOo (F8.2) and 
PSI = blank (F8.2).  
Card #3 g ives  t h e  parameters used i n  t h e  ADAMS subrou t ine .  They are: 
SKIP = FALSE (L5), 
ABSB = 10 (E6.11, 
RELB = 10 (E6.1), 
KOUNT = 1 (131, 
N = 4 (12) and 
HM = 500.0 (F6.2). 
-5 
-5 
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c 
LL: 
C . 
0 
-I 
U 
0 
r, 
.f 
. 
0 
3 
3 
0 
!n 
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In t h i s  c a s e  a t  every s t e p  of t h e  i n t e g r a t i o n  process t h e  e r r o r  
check i s  done. The a b s o l u t e  and r e l a t i v e  e r r o r  bound a r e  equa l  t o  10 . 
A t  each s t e p  of t h e  i n t e g r a t i o n  a r e s u l t  is  p r i n t e d  o u t  (KOUNT = 1 ) .  The 
number of equat ions  t o  be i n t e g r a t e d  is  equa l  t o  4 ,  and the  i n i t i a l  i nc re -  
ment of t h e  independent v a r i a b l e  is 500.00 ( t h e  i n i t i a l  increment i s  the  
phase t i m e  i n t e r v a l  m u l t i p l i e d  by 3.0 X 10 ). 
-5 
5 
Card #4 g i v e s  t h e  va lue  of t h e  equ iva len t  e l e c t r o n  gyrofrequency i n  
kHz, a t  t h e  e a r t h ' s  s u r f a c e  and a t  t h e  geomagnetic equator .  For t h i s  
c a s e  an equ iva len t  e l e c t r o n  gyrofrequency equa l  t o  870.0 kHz w a s  
cons i d  ered . 
GFO = 870.00 (F7.2).  
The parameters f o r  t h e  e l e c t r o n  d e n s i t y  model a r e  g iven  i n  card $5, 
which a r e :  
HBASE = 1000.0 km (F7.2) 
NE0 = 7.5 X 10 el/cm (E6.11, 3 -3 
ALPHAO(2) = 10.00% (F5.2), 
ALPHAO(3) = 00.00% (F5.2),  
ALPHAO(4) = 90.00% (F5.2), 
THERM = 3000 .O°K (F6.11, 
NUM = 4 ( I 2 ) ,  and 
I M  = 3 (12) .  
Where HBASE is t h e  h e i g h t  a t  which the  e l e c t r o n  dens i ty  (NEO) and the  ion 
composition are s p e c i f i e d  (ALPHAO(2) -%H , ALPHAO(3) -%He and ALPHAO(4) 
-%O ). When t h e  percentage  of one of t h e  ions  is equa l  t o  ze ro  the  
v a r i a b l e  I M  assumes t h e  va lue  t h a t  s p e c i f i e s  t h i s  i on ,  i n  t h i s  ca se  i t  is 
t h e  number 3 ,  s i n c e  ALPHAO(3) = 00.00. 
+ -I- 
-I- 
- 111 - 
The l a s t  card is  t h e  one read i n  t h e  ESC subrout ine :  
NOUT = 2(12) ,  
TGEND(1) = 500.00 km (F6.2), 
TGEND(2) = 90.00° (F6.2),  and 
TGEND(3) = 2.50 s e c  (F6.2). 
NOUT can assume two va lues ,  1 or 2 ,  which correspond t o  t h e  output  
r e q u i r e d .  When NOUT = 2,  t h e  ou tpu t  i s  t h e  one shown i n  Appendix C. 
The r a y  pa th  w i l l  s t o p  i f  t h e  he igh t  reached i s  less than 500.00 
(TGEND(1)) and t h e  l a t i t u d e  i s  g r e a t e r  than 90.00° (TGEND(2)). 
i n  a l l  cases where t h e  group t i m e  de l ay  i s  g r e a t e r  than  t h e  2.5 sec 
(TGEND(3)) t h e  r a y  p a t h  w i l l  s t o p  ( s ta tement  #458). 
However 
- 112 - 
APPENDIX C . 
A l i s t i n g  of t h e  output  i s  g iven  i n  Table 5 .  The d a t a  gene ra t ing  
t h i s  ou tpu t  a r e  shown i n  Appendix B. In  t h e  heading of t h e  ou tpu t  a r e  
p r i n t e d  t h e  frequency, t h e  ang le  of t h e  v e r t i c a l  wi th  t h e  wave normal, 
t h e  mode of propagat ion ,  t h e  i n i t i a l  increment (=HM/S&RT(FKC)) and t h e  
number of s t e p s  t h a t  are g iven  between t h e  r e s u l t s .  Also s p e c i f i e d  i n  
t h i s  heading a r e  t h e  e l e c t r o n  gyrofrequency and t h e  parameters of t h e  
i o n i z a t i o n  model. 
Th i s  ou tput  was genera ted  spec i fy ing  NOUT = 2, which i s  t h e  appropr i a t e  
ou tput  f o r  t h e  e l e c t r o n  w h i s t l e r  mode of propagat ion .  
The compi la t ion  t i m e  (3.28 s e c ) ,  t h e  execut ion  t i m e  (8.88 s e e )  and 
t h e  t o t a l  a r ea  used a r e  g iven  a t  t h e  end of t h e  l i s t i n g  (TOTAL AREA = 
OBJECT + ARRAY AREA = 22656 BYTES). 
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Table 5 .  OUTPUT LISTING. 
FREQUENCY= 0.10E OZKHZ DELTA= 0.00 MODE 2 
SKIP= F ABS8= 0-1E-04 RELB= 0.1E-04 
H= 158.1 KDUNT= 1 
*** THE EARTHS MAGNETIC F I E L D  I S  REPRESENTED BY A CENTERED DIPOLE WITH A GFO= 870.00 KHZ *** 
*** THE ELECTRON AND IOh D E N S I l Y  MCOEL I S  THE DIFFUSIVE EQUILIBRIUM ONE *** 
CENSITY Ah0 9 AT 1000.OKM 
NE* 7500.0 h+= 1O.CC kE+= C.00 0+= 90.00 TEMP; 3000.0 
TG ALT LAJ I N V  EL€ GF FLHR FOE MU B E T A  DELTA P S I  PSI9 w+ 
0.0000 500.C 45.00 47.C8t 2.16 1096.6 5.46 1432.65 14.5 -12.39 0.00 -26.57 -89.45 1.02 
IN TI-€ FOLLOWIh6 CALCULATICN H= 0.1581138OE 03 
0. COO3 
0,0005 
O.OOC8 
0.0011 
0.0013 
0.0016 
0.0019 
DOUBLE H 
510.9 44.58 47.1C7 2.16 1091.2 
522.0 44.95 47.128 2.16 1085.7 
533.2 44.93 41.150 2-16 1080.1 
544.5 44.91 47.171 2.16 1C74.5 
556.C 44.88 47.193 2.17 1068.9 
567.6 44.E6 4i .214 2.17 1063.3 
579.4 44.83 47.236 2.17 1‘257-6 
0.63245550E C3 
I N  TkE FOLLOWIhC CALCULATICN H- C.31t22770E 
0.0027 615.6 44.76 47.304 2.17 1040.4 
0.0032 640-6  44.70 47.349 2-18  1028.8 
0.0038 666.i 44.65 41.346 2.18 1C17.0 
DDUeLE H 0.12649110E C4 
I N  THE FOLLDkING CALCULATICN H- C.63245550E 
0.0054 747-3  44.47 47.54C 2.19 980.9 
0.0065 805.2 44.35 47.641 2.20 956,O 
0.0076 866.6 44.22 47.745 2.21 930.6 
0-OCE6 931.6 44.C8 47.853 2.22 ’304.6 
0.0097 1000.6 43.93 47.565 2.23 878.0 
0 . 0 1 C B  1073.8 43.76 48.C80 2.24 850.9 
0.0119 1151.5 43.59 48.199 2.25 823.3 
0.0130 1233.7 43.41 4E.321 2.26 745.3 
0.0141 132C.5 43.21 48.446 2.27 767.1 
0.0152 1411.7 43.CO 48.572 2.28 738.7 
0.0163 1506.9 42.79 48.700 2.30 71C.6 
0.0115 1605.4 42.56 48.828 2.31 t82.9 
0.0186 , 1706.5 42.32 48.555 2.32 655.9 
0.0208 1913.0 41.84 45.2C4 2.34 t04.8 
0.0220 2016.9 41.59 49.?2? 2.35 581.0 
0.0221 2120.7 41.35 49.440 2.37 558.4 
0 -0242  2223.7 41-11 49.553 2.38 537.1 
0.0254 2325.5 40.87 49.663 2.39 517.0 
0.0265 2427.E 4C.t3 45.776 2.40 498.0 
0.0157 1809.3 42.C8 49.C81 2.33 629.8 
5.43 
5.40 
5.38 
5.35 
5.33 
5.31 
5.28 
0 3  
5.22 
5.19 
5.16 
03  
5.11 
5-11 
5.16 
5.24 
5.37 
5.55 
5.78 
6. 04  
6.33 
6.62 
6.89 
7.11 
7.28 
7.39 
7.44 
7.45 
7.42 
7.36 
7.28 
7.18 
1411 -73 
1390 -94  
1370 -30  
1349.78 
1329.41 
1309.17 
1289.07 
1229.66 
lL90.77 
1152.50 
1041 -46 
970.81 
9C3.09 
838.54 
777.49 
720.30 
6b7.43 
619.37 
576.61 
539.56 
508.40 
482.98 
447.20 
435.21 
426.00 
418.87 
413.24 
408.68 
404.90 
462.84 
14.4 
14.2 
14.0 
13.8 
13.7 
13.5 
13.3 
12.8 
12.5 
12.1 
11.2 
10.5 
9.9 
9.4 
8.8 
8.3 
7.8 
7.3 
1.0 
6.6 
6.4 
6.2 
6.0 
5.9 
5.9 
5.9 
5.9 
5.9 
6.0 
6.0 
-12.38 
-12.36 
-12.35 
-12.34 
-12.32 
-12.31 
-12.30 
-12.25 
-12.22 
-12.18 
-12.07 
-11.98 
-11.89 
-11.78 
-11.66 
-1 1.53 
-11.40 
-11.25 
-11.09 
-10.94 
-10.80 
-10.67 
-10.56 
-10.48 
-10.41 
-10.37 
-10.34 
-10.33 
-10.32 
-10.33 
0.05 
0.09 
0.14 
0.19 
0.24 
0.29 
0.35 
0.51 
0.63 
0.75 
1.15 
1.45 
1.78 
2.14 
2.53 
2.96 
3.42 
3.91 
4.42 
4.94 
5.45 
5.93 
6.36 
6.75 
7.09 
7.38 
7.64 
7.86 
8.06 
8.24 
-26.54 
-26.51 
-26.48 
-26.45 
-26.42 
-26.39 
-26.35 
-26.25 
-26.18 
-26.10 
-25.84 
-25.64 
-25.42 
-25.17 
-24.90 
-24.61 
-24.29 
-23.95 
-23.60 
-23.26 
-22.93 
-22.65 
-22.41 
-22.22 
-22.09 
-22.01 
-21.97 
-21.95 
-21 - 96 
-21.99 
-89.44 
-89.44 
-89.43 
-89 -42 
-89.42 
-89.41 
-89.41 
-89.38 
-89.37 
-89.36 
-89.31 
-89.24 
-89.21 
-89.17 
-89.13 
-89.10 
-89.07 
-89.04 
-89.91 
-89.00 
-88.98 
-88.96 
-88.94 
-88.92 
-88 .89 
-88.85 
-88.82 
-88.17 
-88.73 
-89.20 
1.08 
1.14 
1.20 
1.27 
1.35 
1.43 
1.51 
1.81 
2.04 
2.30 
3.36 
4.38 
5.73 
1.56 
10.02 
13.32 
17.67 
23.28 
30.26 
38.52 
47.b6 
57.06 
65.97 
73.83 
80.31 
85.40 
89.26 
92.11 
94.20 
95.1 1 
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0.0277 2527.0 40.39 49 .E73  2-41  480.1 7.08 
0.0288 2625.7 40.16 49.S73 2.42 463.3 6.97 
0.C299 2723.2 39.93 5C.07C 2.43 447.3 6.86 
0.0311 2815.4 39.70 50.164 2.44 432.3 6.75 
0.0322 2914.3 39.48 50.256 2.45 418.1 6.64 
0.0333 3008.1 39.26 50.345 2.46 404.7 6.53 
0.0344 31CC-6 39.04 50.431 2.46 391.9 6.42 
0.0356 3191.9 38.83 5C.515 2.47 379.8 6.31 
0.C367 3282.C 38.62 50.597 2.48 368.4 6.20 
0.0378 3371.C 38.41 50.616 2.49 357.5 6.09 
0.0390 3458.8 38.20 50.754 2.50  347.2 5.99 
DOUBLE h O.ZEZSE22OE 0 4  
I N  TbE FOLLCWIhE CALCULATICN h= 0.12649110E 0 4  
0.0424 3716.C 37.60 50.575 2.52 319.0 5.69 
0.0446 3882.3 37 -21  51.113 2.54 302.3 5.49 
0.0469 4044.6 36.83 51.245 2.55 287.1 5.31 
0.0492 4203.6 36.46 51.372 2.57 273.1 5.13 
0.0514 4359.C 36.10 51.493 2.58 260.3 4.96 
0,0537 4510.9 35.75 51.609 2.59 248.4 4.80 
0.0560 4659.7 35.40 51.720 i . t l  237.5 4.65 
0.0582 4805.4 35.C6 51.827 2.62 227.4 4.50 
DOUBLE h 0.5C596440E 04  
I N  ?HE FOLLOhIhG CALCULATICh H= C.25298220E 0 4  
401 -68 
398.87 
396.37 
394.11 
392.04 
390.11 
388.31 
386.61 
385.00 
383.46 
381.99 
6.1 
6.2 
6.2 
6.3 
6.4 
6.5 
6.6 
6.6 
6.7 
6.8 
6.9 
-10.33 
-10.35 
-10.36 
-10.38 
-10.40 
-10.43 
-10.45 
-10.47 
-10.50 
-10.52 
-10.55 
8.40 
8.56 
8 -70  
8.84 
8.96 
9.09 
9.20 
9.32 
9.43 
9.53 
9.63 
-22.04 
-22.09 
-22.15 
-22.22 
-22.29 
-22.37 
-22.45 
-22.53 
-22.62 
-22.71 
-22.80 
-88.69 
-88.64 
-88.60 
-88.55 
-88.50 
-88.45 
-88.41 
-88.36 
-88.31 
-88.26 
-88.21 
96.81 
97.61 
98 20 
98.63 
98.95 
99.19 
99.37 
99.50 
99.61 
99.69 
99.75 
377.92 
375.44 
373.13 
370.96 
368.91 
366 -98  
365.15 
363 e42 
7.1 
7.3 
7.4 
7.6 
7.7 
7.9 
8.1 
8.2 
-10.63 
-10.68 
-10.74 
-10.79 
-10.85 
-10.90 
-10.95 
-11.00 
9.92 
10.10 
10.27 
10.44 
10.59 
10.75 
10.89 
11.03 
-23.07 
-23.26 
-23.45 
-23.65 
-23.84 
-24.04 
-24.24 
-24.44 
-88.07 
-87.97 
-87.87 
-87.76 
-87.66 
-87.56 
-87.45 
-87.34 
99.86 
99.91 
9 9  * 9 4  
99.96 
99.97 
99.98 
99.98 
99.99 
0.0651 
0. C6S6 
0.0742 
0. C788 
0.0835 
0.C881 
0.0928 
0.0975 
0.1022 
0.1069 
0.1116 
OOUBLE 
5225.4 34.08 52.125 2.65 
5492.2 33.46 52.3C7 2.67 
5749.4 ?2.€5 52.476 2.70 
5997.5 32.27 52.635 2.72 
6237.3 31.70 52.785 2-13 
6469.2 31.15 52.926 2.75 
6693.7 30.62 53.C59 2 -17  
6911.2 30.10 53.185 2.78 
7122.2 29.59 53.304 2.80 
7326.5 29.C9 53.417 2.82 
7525.7 28.60 53.525 2.E3 
H 0.1C115280E 05 
201.1 
186.4 
173.4 
162.0 
151.8 
142.7 
134.6 
127.2 
120.5 
114.5 
1C8.9 
4.09 
3.85 
3.63 
3.43 
3.25 
3.08 
2.93 
2.78 
2.65 
2.53 
2.42 
358.72 
355.93 
353.38 
351.04 
348.88 
346.88 
345.02 
343.28 
341.66 
340.15 
338.72 
8.7 
9.0 
9.3 
9.6 
9.9 
10.2 
10.4 
10.7 
11.0 
11.3 
11.6 
-11.15 
-11.24 
-11.32 
-11.40 
-11.48 
-11.54 
-1 1.60 
-11.66 
-11.70 
-11.74 
-1 1.78 
11.43 
11.68 
11.91 
1 2 - 1 4  
-25.04 
-25.44 
-25.84 
-26.24 
-26.63 
-27.03 
-27.42 
-27.82 
-28.21 
-28.60 
-28.98 
-87.02 
-86.80 
-86.57 
-86.34 
-86.10 
-85.63 
-85.30 
-85.13 
-84.88 
-84 -63 
-85.8r 
99.99 
100.00 
100.00 
100.00 
100.00 
100.00 
100.00 
100.00 
100.00 
100*00 
100.00 
12.36 
12.57 
12.77 
12.97 
13.16 
13.35 
13.53 
I N  T1-E FOLLOWIhG CALCULbTICN h= C.50556440E 
0.1261 8C89.3 27.21 53.818 2.87 94.9 
0.1358 8440.0 26.32 53.591 2.89 87.3 
0.1457 8772.7 25.46 54.150 2.92 80.8 
0.1558 9088.6 24.02 54.256 2.S4 75.1 
0.1655 9388.9 23.81 54.430 2.$6 70.2 
0.1762 9074.t 23.02 54.553 2.97 65.8 
0.1867 9946.6 22.25 54.666 2.99 6 1 - 9  
0.1974 10205.6 21.50 54.770 3.01 58.5 
0.2082 10452.3 20-15 54.E67 3.C2 55.5 
0.2192 10687.2 20.02 54.955 3.03 52.7 
0.2304 10910.9 19.31 55.C37 3.C5 50.2 
DOUBLE 1- 0.20238570E 05 
I N  THE FULLOhING CALCULATICh H= 0.10115280E 
0.2654< 11518.9 17.20 55.242 3.C8 44.2 
0.2899 11874.7 15.83 55.351 3.09 41.0 
0.3156 12193.2 14.46 55.439 3.11 38.3 
04 
2.13 
1.97 
1.83 
1. 71  
1.60 
1.51 
1.42 
1.34 
1.28 
1.21 
1.16 
334.93 
332 -73  
330.76 
328.97 
327.34 
325.86 
324.50 
323.26 
322.11 
321.05 
320.08 
12.5 
13.1 
13.7 
14.3 
14.8 
15.4 
16.1 
16.7 
17.3 
17.9 
18.6 
-11.83 
-1 1.83 
-11.80 
-11.74 
-11.65 
-11.52 
-11.36 
-11.17 
-10.94 
-10.67 
-10.36 
14.07 
14.41 
14.75 
15.08 
15.41 
15.74 
16.06 
16.38 
16.71 
17.03 
17.36 
-30.14 
-30.90 
-31.65 
-32 -41 
-33.15 
-33.90 
-34.65 
-35.39 
-36.13 
-36.88 
-37.62 
-83.86 
-83.34 
-82.81 
-82.27 
-81.73 
-81.18 
-80.64 
-80.09 
-79.55 
-79.00 
-78.46 
100.00 
100.00 
100.00 
100.00 
100.00 
100.00 
100.00 
100.00 
100.00 
1 00.00 
100.00 
05 
1.02 
0.95 
0.89 
317.56 
316.17 
314.98 
20.6 
22.0 
23.5 
-9.20 
-8.21 
-7.04 
18.36 
19.05 
19.76 
-39.88 
-41.41 
-42.96 
- 76.86 
-75.82 
-74.83 
100.00 
100.00 
100.00 
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0,3426 12475.6 13.11 55.50e 3.12 36.1 0.84 
0.3710 12722.4 11.75 55.558 3.13 34.3 0.80 
0.4012 12933.9 10.37 55.59C 3.13 32.8 0.76 
0.4332 131C5.3 8.58 55.6C4 2.13 31.5 0.73 
0.4675 13247.5 7.55 55.601 3.13 30.6 0.71 
0,5044 13346.3 6.C7 55.578 3.13 29.8 0.69 
0.5444 13402.4 4.52 55.536 3.12 29.4 0.68 
0.5883 13410.9 2.90 55.472 3.11 29.2 0.68 
0.6914 13253.0 -C.?4 55.266 3.C8 29.8 0.69 
0.7539 13058.6 -2.84 55.113 2-06 30.8 0.72 
I N  T k E  FOLLUHING CALCULATICN H= C.5C556440E 0 4  
0.7889 12922.4 -4.00 55.C21 3.C4 31.6 0.73 
0.8271 12753.4 -5.26 54.916 3.03 32.6 0.76 
0.8693 12544.3 -6.63 54.795 3.C1 33.9 0.79 
0.9163 12284.6 -8.15 54.654 2 -59  35.7 0 - 8 3  
0.9657 11958.1 -9.89 54.490 2.96 38.1 0.88 
I N  ThE FOLLOWING CALCULATICN I.= C.25298220E 04  
0.9995 11762.4 -10.85 54.3S7 2.55 39.7 0.92 
1.0317 11539.C -11.91 54.294 2.54 41.6 0 -96  
1.C670 11281.4 -13.C7 54.180 i.92 43.9 1.02 
1.1C6l lC980.3 -14.37 54.053 2.90 46.9 1 -08  
1.1499 10621.9 -15.84 53.9C9 2.88 50.7 1.17 
1.2002 10184.4 -17.57 53.742 2.E6 56.0 1 -29  
I N  THE FOLLOWING CALCULATICN t-= 0.12649110E 04  
1.2284 9925.2 -18.57 53.648 2.E5 59.4 1.36 
1.2593 9630.0 -19.67 53.544 2.83 63.6 1.46 
1.2937 9288.2 -20.92 53.429 2.e2 68.9 1.57 
1.3324 8883.7 -22.31 53.299 2.80 75.9 1.73 
1.3771 8390.0 -24.10 53.149 2 - 7 8  85.7 1.94 
I N  THE FOLLCWIhG CALCULbTICN I-= 0.63245550E 03 
1.4025 8096.2 -25.11 53.C64 2.77 92.2 2.C8 
1.43C6 7759.0 -26.26 52.570 2.76 100.5 2.25 
1.4623 7363.7 -2?.58 52.865 2-74 111.3 2.47 
1.4989 b886.3 -29.17 52.745 2.73 126.4 2.77 
1.5421 6283.9 -31.14 52.604 2.71 149.1 3.20 
I N  TI-€ FOLLOWING CALCULATICN H= 0.31622770E 03  
I N  THE FOLLOWIhG CALCULATICN H= 0.15811380E 03  
1.5554 61C4.3 -31.72 52.564 i.71 156.8 3 -34  
1.56SC 5909.4 -32.36 52.522 2.70 165.7 3.50 
1.5836 5696.2 -33.05 52.476 i .70 176.2 3.68 
1.5956 5460.9 -33.81 52.428 2.69 188.7 3.89 
1.6172 5196.3 -34.65 52.376 2.68 204.0 4.14 
1.6368 4900.7 -35.61 52.318 2.68 223.2 4.43 
1.6554 4557.2 -36.71 52.255 2.67 248.2 4 - 7 9  
1.6860 4150.1 -38.01 52.184 2.66 282.5 5.25 
I N  THE FOLLOWING CALCULATICk H= 0.79056940E 02 
1.7018 3912.7 -33.77 52.144 2.66 305.2 5.52 
1.7196, 3646.0 -39.63 52.101 2.65 333.6 5.84 
1.7404 3341.1 -40.61 52.C54 2.64 370.1 6.21 
1.7655 2985.3 -41.75 52.002 2.64 419.4 6 -64  
I N  THE FOLLOWING CALCULATICh t-= 0.39528470E 0 2  
0.6369 i3364.e 1.16 55.383 3.10 29.3 0.68 
313.96 
313.10 
312.38 
311.79 
311.34 
311.02 
310.84 
310.81 
310.96 
31 1.32 
311.96 
25.0 
26.7 
28.5 
30.5 
32.7 
35.0 
37.7 
40.8 
44.3 
48.6 
53.7 
-5.68 
-4.15 
-2-44 
-0.59 
1.39 
3.44 
5.50 
7.49 
9.33 
10.91 
12.12 
20.49 
21.26 
22.07 
22 -93 
23.85 
24.83 
25.89 
27.05 
28.34 
29.78 
31.44 
-44.54 
-46.15 
-47.82 
-49.53 
-51.31 
-53.17 
-55.11 
-57.16 
-59.35 
-61 -69 
-64.23 
-73.88 
-73.00 
-72.19 
-71-47 
-70- 86 
-70.39 
-70 -06 
-69.92 
-70.00 
-70.34 
-71.01 
100.00 
100.00 
100.00 
100.00 
100.00 
100.00 
100.00 
100.00 
100.00 
100.00 
100.00 
312.42 
3 12.99 
313.72 
314.65 
315.86 
56.8 
60.4 
64.5 
69.5 
75.6 
12.54 
12.81 
12.91 
12.82 
12.49 
32.37 
33.38 
34.51 
35.77 
37.21 
-65.60 
-67.04 
-68.58 
-70.22 
-71.49 
-72 -08 
-72.81 - 73.68 
-74.75 
100.00 
100.00 
100*00 
LOO. 00 
100.00 -72.01 
316.60 
317.48 
318.52 
319.78 
321.35 
323.36 
79.2 
83.4 
08.3 
94.0 
101.1 
110.1 
12.23 
11.88 
11.45 
10.91 
10-26 
9.46 
38- 01 
38.89 
39.86 
40 -94  
42.17 
43.6 1 
-72.97 
-73.97 
-75.04 
-76.18 
-77.41 
-78.74 
-75.36 
-76.04 
-76.79 
-77.63 
-78.57 
-79.64 
100.00 
100.00 
100.00 
100.00 
100.00 
100.00 
324.6 1 
326.09 
327. 8 8  
330.12 
333.04 
115.6 
122.1 
12 9.9 
139.6 
152.3 
8.99 
8.47 
7.88 
7.22 
b.47 
44.43 
45.33 
46.36 
47.53 
48.92 
-79.46 
-80.23 
-81.05 
-81.93 
-82.89 
-80.24 
- 90.88 
-81.58 
-82.35 
-83-21 
100.00 
100.00 
1 00.00 
100.00 
100.00 
334.88 
337.11 
339.88 
160.3 
170.0 
182.0 
197.8 
219.9 
6.04 
5.58 
5.07 
4.51 
3.87 
49.73 
50.64 
51.69 
52.93 
54.45 
-83.41 
-83.Q7 
-84.57 
-85.22 
-85.94 
-83.69 
-84.19 
-84.75 
-85.35 
-86.04 
100.00 
100.00 
100.00 
100.00 
100.00 
343.48 
348.47 
350. Oh 
351.86 
353.90 
356.25 
359.01 
362.32 
366.41 
371.68 
226.9 
234.7 
243.7 
254.0 
266.1 
230.9 
299.5 
323.7 
3.69 
3.50 
3.31 
3.11 
2.89 
2.66 
2.42 
2.14 
54.90 
55.38 
55 -90 
-86.14 
-86.34 
-86.55 
-86.7? 
-87.01 
-87.25 
-87.52 
-87.80 
-86.22 
-86.42 
-06.62 
-86.83 
-87.06 
-87.30 
-87.55 
-87.83 
100.00 
100.00 
100.00 
100.00 
99.99 
99.99 
99.98 
99.45 
56.48 
57.11 
57.82 
58.64 
59.59 
-87.98 
-88.14 
-88.31 
-88.50 
9 9 - 9 1  
99.84 
99.66 
99.13 
375.00 
378.99 
383.97 
390.57 
338.4 
356.5 
378.3 
406.6 
1.99 
1.84 
1.67 
1.49 
60.14 
60.75 
6 1  -45 
62.25 
-87.96 
-8R.12 
-88.30 
-88.49 
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APPENDIX D .  
The Haselgrove C19541 equat ions  a r e  reduced t o  t h e  fol lowing equat ions 
i n  t h e  case  where the  wave normal l ies i n  t h e  r - 8 plane and t h e r e  i s  
no l o n g i t u d i n a l  g r a d i e n t .  
where 
r and 8 - po la r  coord ina tes  of a po in t  on the r ay  pa th ,  
p - phase r e f r a c t i v e  index, 
c - v e l o c i t y  o f  l i g h t  i n  a vacuum, 
t - phase time of t he  p r i n c i p a l  wave, 
Pr and P o  - po la r  p r o j e c t i o n  of t h e  vec tor  p = p k 
k - u n i t  v e c t o r  perpendicular  t o  t h e  wave f r o n t .  
Ca l l ing  t h e  ang le  of t h e  wave normal w i t h  t h e  v e r t i c a l  v e c t o r  
..-I -+ 
-.) 
6 ,  
t h e  fol lowing expressions may be w r i t t e n :  
= p cos 6 ’r 
- 118 - 
and 
In t h e  Haselgrove equat ions the  phase r e f r a c t i v e  index is a func t ion  of 
rl 0 ,  Pr and pe, s i n c e  i t  is supposed t h a t  t h e  d i r e c t i o n  of t he  
magnetic f i e l d  is unknown. Therefore  
where Y is the  d i r e c t i o n  cos ine  of t h e  magnetic f i e l d .  
o j  
Ca l l ing  t h e  angle  of t he  magnetic f i e l d  wi th  t h e  r a d i a l  vec tor  
y, yoj 
i s  expressed as  
Yor = cos y (D.8) 
and 
Yoe = s i n  y 
Therefore  using t h e  express ions  above, E q .  (D.1) may be w r i t t e n  i n  
t h e  fol lowing way: 
s i n +  cos6 - 1 ’ (cos6 cos$ - cosy) , l4 1 d r  C d t  - IJ. s i n $  - -  (D.10) 
but 
t an  a = - ;$ 
t he re f  o r e  
cos6 ( s in$  + t a m  cos$)  - t an  a cosy C - -  - d r  
d t  CL sin$ 
(D.11) 
- 119 - 
or, us ing  t h e  r e l a t i o n  ( see  Figure D-11,  
y = 6 - $ ,  
Eq. (D. l l )  may be w r i t t e n  i n  the  fol lowing way: 
(D.12) 
- d r  = - c [costi(sin$ + t ana  cos$> - tana(cos6 cos$ + s ins  
d t  I-1 
and, f i n a l l y  
(D.13) 
where p is  t h e  angle  of t h e  ray  wi th  the  r a d i a l  vec tor  ( see  Figure D-1). 
In the  same way i t  i s  shown t h a t  Eq. (D.2) may be wr i t ten  as 
C s i n @  . (D.14) - -  - de 
d t  r p  cosa 
It was, t h e r e f o r e ,  shown t h a t  Eq. (15a) and Eq. (15b) are equiva len t  
t o  Eqs. (D.l)  and (D.2). 
Now i t  is  necessary t o  show t h a t  t he  expressions for d6/dt  may be 
der ived from Eqs. (D.1) to  (D.4). The angle  6 is given by 
Theref ore 
sin6 - d t  
d6 - =  - 1 (cos* dt b - 
d t  I-1 
(D. 16) 
S u b s t i t u t i n g  Eqs. (D.3) and (D.4) i n t o  Eq. (D.16) and a f t e r  some a lgeb ra i c  
- 120 - 
X 
Figure  D-1 .  A t  a g iven  p o i n t  on the  r a y  pa th  i n  p o l z r  
coord ina te s ,  r - 8,  the  wave zormal k 
and t h e  s t a t i c  magnetic f i e l d  B a r e  
shown. The angles  a r e  p o s i t i v e  i n  the 
clockwise d i r e c t i o n .  
0 
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o p e r a t i o n s  t h e  fo l lowing  expression is obtained 
(D.17) 
Using expressions (D.13) and (D.14) and a f t e r  some a lgeb ra i c  work 
Eq. (D.17) reduces t o  
(D.18) 
Therefore  E q s .  (D.1) t o  (D.4) a r e  reduced t o  Eqs,(15a-b), and 
Eq. (23) .  
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APPENDIX E.  
T o  understand t h e  behavior of t h e  ray  p a t h  i t  is  h e l p f u l  t o  have 
t h e  d i f f e r e n t i a l  equa t ion  t h a t  governs t h e  v a r i a t i o n  of t h e  angle  ( $ )  
between t h e  wave normal and t h e  geomagnetic f i e  I d ,  w i th  phase t i m e .  
From Eq. (11) and t h e  r e l a t i o n  ( s e e  F igure  E-1) 
t h e  fo l lowing  equat ion  i s  der ived  
where y is  g iven  by 
f o r  t h e  case of a s t a t i c  magnetic f i e l d .  
Combining Eqs. (E.3) and (13a-b) t h e  fo l lowing  r e s u l t  is  obtained 
Now us ing  t h e  r e l a t i o n  
i n  Eq. (E.4) t h e  fo l lowing  equat ion  may be w r i t t e n  
- 123 - 
X 
Figure  E-1. In  a Car tes ian  system of coord inz te s ,  x-y, t he  
angles  between the  wave normal k ,  the  d i r e c t i o n  
o f  t h e  energy,  RAY, and t h e  s t a t i c  magnetic f i e l d  
Bo with  the  v e r t i c a l  a r e  i n d i c a t e d .  Also shown 
a r e  the  angles  between these  vec to r s .  The angles  
a r e  p o s i t i v e  i n  t h e  clockwise d i r e c t i o n .  
I) 
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- _  dy - c [ s i n +  - 2 cos+] + [ 2 s i n +  + cos+] 
d t  2 
I-1 
( E . 6 )  
The phase r e f r a c t i v e  index is  a func t ion  of X ,  Y and Q, which a r e  
func t ions  of x and y ,  and t h e r e f o r e  
and 
but  
r e s u l t i n g  i n  
Y =  + - $  
2 = - z  
and 
Combining E q s .  (E.2), (E.6), (E.7) and (E.8) r e s u l t s  i n  
Now d e f i n i n g  
4 4 E) 
k = s i n +  e + cos$ e 
X Y 
(E .  9) 
(E.10) 
(E. 12)  
( E . 1 3 )  
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and 
4 4 + 
kL = cos$ e - s i n $  e 
X Y 
( E . 1 4 )  
Equation (E.12) may be w r i t t e n  a s  
Now two hypotheses a r e  made about t he  medium, f i r s t  t h a t  t he  magneto- 
sphere  i s  c o n s t i t u t e d  of e l e c t r o n s  only (which is a good hypothesis  f o r  
wave f requencies  above the  LIIR frequency) and second t h a t  t h e  e a r t h ' s  
magnetic f i e l d  i s  represented  by a centered d i p o l e .  For t h i s  case t h e  
fo l lowing  express ion  may be w r i t t e n  f o r  t he  g rad ien t  of t he  d i r e c t i o n  of 
t h e  magnetic f i e l d :  
3 cos2 e + 1 - 
3 cos2 8 + 1 8 
o y  = - e r (E .16) 
T h e  phase r e f r a c t i v e  index, applying the  quas i - longi tudina l  (Q.L.) 
approximation ( see  He l l iwe l l  C19651), i s  
2 X 
IJ- = Y c O s $ - l  
which is a good approximation f o r  t he  case  i n  s tudy .  Therefore 
I (E.17) 
(E.18) 
and 
a lOgp 1 
7 = 2 X  (E.19) 
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For t h e  e l e c t r o n  d e n s i t y  d i s t r i b u t i o n  a d i f f u s i v e  equi l ibr ium model 
i s  assumed and t h e r e f o r e  t h e  fo l lowing  express ion  may be w r i t t e n  for the  
e l e c t r o n  d e n s i t y  : 
From which r e s u l t s  
where 
and 
-z/ 2H n = , n  e D e  e b  
x az =) o x = - -  
2H er 
z = r  b (1-2) 
2 & ( > )  
Since  a d i p o l e  has been cons idered ,  t h e  g r a d i e n t  of Y i s  given by 
3 - r  3 cos0 s i n e  4 
r r 2 r  2 e0 O Y = - - Y e  + - Y  
3 cos 0 + 1 
(E.20) 
( E  .21) 
(E.22) 
(E.23) 
(E.24) 
Combining Eqs. (E.15) t o  (E.24) r e s u l t s  i n  
s i n 0  cos0 cosd) - (E.25) 2 s in6  - 
3 cos e + 1 
3 Y cos (I 
2 Y c o s  ~ - 1 
2 
cos e + 1 sin6 
2 - 3  
3 cos e + 1 
o r  
( f2s in6  - f cosb) - f4s in6  (E.26) 3 
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where f l  is 
s i t y ;  . f 2  is 
f 3  i s  t h e  8 
the t e r m  due t o  t h e  v e r t i c a l  g r a d i e n t  of the  e l e c t r o n  den- 
the r a d i a l  component of t h e  g r a d i e n t  of the magnetic f i e l d ;  
f 4  component of t h e  g r a d i e n t  of t h e  magnetic f i e l d ,  and 
i s  the t e r m  corresponding t o  t h e  v a r i a t i o n  of the magnetic f i e l d  d i r e c t i o n .  
f 3  and f4 a r e  p l o t t e d  i n  F igures  E-2, E-3 and E-4, 
1’ The t e r m s  
r e s p e c t i v e l y .  
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8 IO 12 14 16 I8 20 
GEOCENTRIC DISTANCE ( x  103km) 
Figure  E-2. P l o t  of f u n c t i o n  f l  versus  
g e o c e n t r i c  d i s t a n c e .  In t h i s  
c a s e  t h e  he ight  1000 km and a 
scale equal  to  1000 km were 
taken for the  base l e v e l .  
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APPENDIX F. 
The o b j e c t i v e  of t h i s  appendix i s  t o  show the genera l  form of the 
d i f f e r e n t i a l  S n e l l ' s  law. 
4 
A v e c t o r  p is def ined  a s  
-4 4 
P = V k  (F.1) 
=-+ 
where is  the phase r e f r a c t i v e  index and k a u n i t  v e c t o r  perpendicular  
t o  the  wave f r o n t .  
-4 
The Car tes ian  components of p (see Figure  F-1) a r e  
= 1-1 s i n +  p* 
and 
Py = I-1 cos+ 
The t o t a l  t i m e  d e r i v a t i v e s  of P, and Py a r e  
and 
where, f o r  the  c a s e  of a s t a t i o n a r y  medium 
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Y 
- A LOCAL 
€ f STRATIFICATION 
Figure F-1. A t  a g iven  po in t  i n  a ca r t c s i a i i  
system of coord ina te s .  x and y .  
t h e  d i r e c t i o n  of t h e  l o c a l  s t r a t + i -  
f i c a t i o n  (x), t h e  uni: veqtor  k 
and t h e  u n i t  vec to r  5 p e r p e n d i c u l a r  
t o  t h e  l o c a l  s t r a t  if i c a t i o n  arc' shown. 
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Combining Eqs. (F.41, (F.51, (F.6) and (13a) r e s u l t s  i n  
and 
Since  
+ pY eY P = P, ex 
Equations (F.7) and (F.8) may ,be w r i t t e n  i n  t h e  following way 
N 
where V i s  an o p e r a t o r  def ined  as 
(F.lO) 
(F.11) 
Th i s  ope ra to r  i s  n o t  t h e  g r a d i e n t  o p e r a t o r  ( V ) ,  because p is  no t  only 
a f u n c t i o n  of p o s i t i o n ,  x and y ,  but a l s o  of d i r e c t i o n .  For an 
i s o t r o p i c  medium p i s  only a f u n c t i o n  of p o s i t i o n  and t h e r e f o r e  f o r  
t h i s  c a s e  
N 
V p ” ” p  
c) 
The 7 p is  always c a l c u l a t e d  keeping the  d i r e c t i o n  of t h e  vec to r  9 
c o n s t a n t .  A s  an example the  express ion  for  p is now found i n  \ 
p o l a r  coord ina te s  . 
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The two dimensional Haselgrove [19541 equat ions  i n  po la r  coord ina tes  
a r c  
S t a r t i n g  from Eq. ( F . l O )  t h e  Eqs. (F.14) and (F.15) a r e  de r ived ,  
I-) 
In p o l a r  cqord ina te s  the  vec to r  p is g iven  by 
(F.12) 
(F.13) 
(F .14)  
(F.15) 
(F.16) 
r e s u l t i n g  i n  
dC d t  ’e de): t  r + ( %  (F.17) 
Now w r i t i n g  p a s  a f u n c t i o n  of r ,  8 and 6 (see Figure  F-2), the 
a c t i o n  of t h e  o p e r a t o r  17 upon p r e su l t s  i n  
N 
From Figure  F-2 
(F.18) 
y = b - $  
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Y 
X 
Figure F-2. A t  a given po in t  i n  a po la r  system of 
coord ina te s ,  r and 0 ,  Lhe phase 
r e f r a c t i v e  index vector4 p,  and the  
s t a t i c  magnetic f i e l d  + Bo a r e  shown. 
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and t h e r e f o r e  
and 
Combining E q s .  (F.10), (F.17) and (F.18) t h e  r e s u l t s  are 
(F.20) 
(F.21) 
I t  i s  necessary  t o  show t h a t  Eqs. (F.20) and (F.14) a r e  equ iva len t ,  or t o  
show t h a t  
From Eq . (15b) 
C 
cos P - de  dt - y r  c o s a  
and t h e  r e l a t i o n  
t h e  left-hand member of Eq. (F.22) may be w r i t t e n  a s  
Using 
(F.22) 
(F.23) 
(F.24) 
(F.25) 
(F.26) 
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and ( s e e  Eq. (15a))  
C s i n @  - -  - d r  d t  1-1 cosa 
r e s u l t s  i n  
C s in6  s i n @  '€3 d r  r d t  rp cosa 
- - =  
which shows t h a t  Eqs. (F.15) and (F.21) a r e  equ iva len t .  
3 
Now de f in ing  a vec to r  { such t h a t  
(F.27) 
(F.28) 
(F.29) 
and t ak ing  i t s  v e c t o r  product wi th  Eq. (F.lO) t h e  fo l lowing  equat ion  is  
obta ined  
(F.30) 
(F.31) 
Equation (F.30) or (F.31) a r e  t h e  d i f f e r e n t i a l  S n e l l ' s  law f o r  any 
med ium . 
In t h e  nex t  paragraph t h e  d i f f e r e n t i a l  S n e l l ' s  l a w  f o r  a two dimen- 
s iona l  geometry is  der ived  from Eq. (F.31). The l o c a l  s t r a t i f i c i a t i o n  
-4 
is def ined  as  being t h e  vec to r  SI such t h a t  
(F.32) 
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or 
* 
The l o c a l  s t r a t i f i c a t i o n  f o r  a given d i r e c t i o n  of c is  found by 
looking f o r  t he  locus of po in t s  t h a t  have the  same phase r e f r a c t i v e  index 
holding t h e  d i r e c t i o n  of t h e  vec tor  p cons tan t .  
==I 
For the  case  o f  Figure F-1, t h e  s t r a t i f i c a t i o n  i s  given by 
(F.34) 
2 where y i s  t h e  d i r e c t i o n  of t he  l o c a l  s t r a t i f i c a t i o n .  The vec tor  5 
i s  given by 
4 =3 r) 5 = - s i n x  e + cosx e , 
X Y 
r e s u l t i n g  i n  
and 
(F.35) 
(F.36) 
(F.37) 
or  
(F.39) 
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Equation (F.39) r ep resen t s  t h e  d i f f e r e n t i a l  S n e l l ' s  law f o r  t he  geometry 
shown i n  Figure F-1. 
In the  case  where a p a r a l l e l  s t r a t i f i c a t i o n  i s  supposed, x i s  
cons t an t ,  and a l s o  , which r e s u l t s  i n  Eq. (F.31) being s impl i f i ed  t o  
or using Eq. (F.36) 
(F.40) 
(F.41) 
This is  the  form of t h e  d i f f e r e n t i a l  S n e l l ' s  l a w  v a l i d  only f o r  p a r a l l e l  
s t r a t i f i c a t i o n ,  t h a t  is, when 
- = o  dY 
d t  
(F.42) 
Equation (F.41) i s  t h e  s t a r t i n g  p o i n t  f o r  t he  development given i n  para- 
graph 3 of t h e  Haselgrove paper C19541. Therefore  i n d i r e c t l y  a medium 
was supposed wi th  a p a r a l l e l  s t r a t i f i c a t i o n  i n  t h a t  paragraph. However 
what is - very i n t e r e s t i n g  is t h a t  s t a r t i n g  from Eq. (F.411, which is  
only v a l i d  f o r  p a r a l l e l  s t r a t i f i c a t i o n ,  Eq. (F.39) is obtained,  a s  i s  
shown below. 
For p a r a l l e l  s t r a t i f i c a t i o n  
and 
9 . = 0  
d t  
(F.44) 
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The combination of Eq. (F.43) and Eq. (F.44) results in 
cos(+-.)() * - p sin(6-X) 9 = o 
d t  d t  
which is t h e  same as Eq. (F.39). 
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